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Chapter 1

Rings and Ideals

1.1

We see that x € R implies « € J (the Jacobson radical), hence 1 + A C A*. In particular, 1 4+ z is a unit.
We can now easily deduce that the sum of a nilpotent element and a unit is a unit itself.

1.2

We have the following:

(1) If f(x) = agp+ a1z + ...+ apz™ is a unit in Afz], let g(x) = bg + byz + ... + bypz™ be its inverse.
We deduce that ag is a unit. We use induction on n to prove that the coefficients are nilpotent. The case
n = 0 is a tautology. If the proposition holds for n — 1, then we see that a’'b,, . = 0 (we just write down
explicitly the relations that ensue from fg =1 and then multiply each of them by increasing powers of a,).
In particular, this implies that a1y = 0 and, since by is a unit, we deduce that ™! = 0. Hence a,, is
nilpotent and we may apply the inductive hypothesis.

The converse follows from exercise 1 and exercise 2, (ii).

(ii) If f(z) is nilpotent, then we can apply induction to n to show that all its coefficients are nilpotent.
The case n = 0 is a tautology. In the general case, it’s apparent that the leading coefficient will be a]* for
suitable m € N hence a,, is nilpotent. Now the inductive hypothesis applies.

Conversely, if all the coefficients of f(x) are nilpotent and d € N is such that a =0, 0 <i <n (e.g. let
d be the sum of the orders of all the orders of the coefficients), then we see that f(x)? = 0.

(iii) If f is a zero divisor, then let g be a polynomial of minimal order, such that fg = 0. If g =
bo+bix+ ...+ byx™ is not of degree 0, then a,b,, = 0, hence a,,¢g is annihilates f but is of degree less than
m, contradiction. Therefore, g is of degree 0; there is a € A, such that af = 0. The converse is trivial.

(iv) If fg is primitive, then so are f and g, too. The converse is just Gauss’s Lemma, in a more general
context (the elementary argument still carries though).

1.3

The generalization follows easily by induction.

1.4

If J denotes the Jacobson radical and R denotes the nilpotent radical, then J D R, since R is the intersection
of all prime ideals, while J is the intersection of all prime and maximal ideals. Therefore, we only need to
show J C R in Alx]. Indeed, if f(z) € J, then 1 — f(z)g(z) € A, for all g(x) € A[z]. In particular 1 — f(z)z
is a unit, hence if f(z) = ag + a1z + ...+ apz™, then ag,aq,...a, are all nilpotent, hence by exercise 2, (ii)
f(z) € M. This completes the proof.
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1.5

We have the following;:

(i) If f =D 07 jana™ € A[[z]] is invertible, then obviously ag is a unit. Conversely, if ag is a unit, then
we may let by be such that agby = 1 and then we may define b,,, n € N recursively by the explicit relations
they have to satisfy.

(ii) If f € A[[z]] is nilpotent, then so is ag € A, which, raised to a power, is the constant term when f is
raised to a power. Therefore, f — ag = zg(x), g(x) € A[[z]], will also be nilpotent, hence g(x) will also be
nilpotent. But the constant term of g(z) is a1, which must be nilpotent, too. By this process, we show that
all the coefficients will have to be nilpotent. The inverse is not true; a sufficient condition for it to be true
would be the ring to be Noetherian.

(iii) We easily see that 1 — f(z)g(x) is a unit for all g(x) € A[[z]] if and only if 1 — agbp is a unit for all
by € A, hence if and only if ag belongs to the Jacobson radical of A.

(iv) The extension mapping sends any ideal a of A to the ideal a® which consists of f(z) = 3 anz™,
an € a. Conversely, given any ideal b of A[[x]], b¢ consists of all coefficients in any element of b. It’s now
clear that the contraction of a maximal ideal of A[[z]] is maximal too and that m® = (m, x).

(v) This also follows immediately from the above.

1.6

It clearly suffices to show that every prime ideal in A is maximal. Let p be a prime ideal in A and let = be
a non-zero element of A — p. Then the ideal (z) = {ax/a € A} will contain an idempotent element e # 0,
say apz. This implies that apxz(apz — 1) = 0 € p, hence apxz(agz — 1) = 0 in A/p, too. However, A/p is an
integral domain, therefore e = agz # 0 implies apz = 1, or that z is a unit. Hence A/p is a field and this
means that p is maximal.

1.7

Let p be a prime ideal of A. Form A/p, which will be an integral domain. Given any non-zero x € A/p,
there will be a suitable n € N — {1}, such that ™ = z or equivalently z(z"~! — 1) = 0. This implies that
2"~ = 1, hence that z is invertible. Therefore, A/p is a field and thus p is a maximal ideal.

1.8

Every descending chain of prime ideals has a lower bound (the intersection of them all), hence by Zorn’s
lemma the set Spec(A) has at least one minimal element (in order to apply the lemma, we order the set by
D rather than C).

1.9

Since r(a) is an intersection of prime ideals (those that contain a), we see that r(a) = a implies that a is
an intersection of prime ideals. Conversely, if a is an intersection of prime ideals, then this intersection is
contained in the intersection of prime ideals of r(a), hence r(a) C a, which shows that r(a) = a (the other
direction is obvious by definition).

1.10

We have the following;:

(i) = (ii) Any maximal ideal in A (there is at least one), will be prime, hence it will coincide with the
unique prime ideal a of A. Hence A is a local ring and 58 = a. If we consider A/R = A/a (which is a field),
we deduce that every element of A is nilpotent or a unit.
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(ii) = (iii) This direction is obvious by the definition of a field.
(iii) = (i) The nilpotent radical is maximal (and thus prime) if A/R is a field. However,

R=[ »

pESpec(A)

hence fR is included in the intersection on the right, hence every prime ideal contains $R. But this implies
that every prime ideal coincides with R (since PR is maximal) and so there is only one prime ideal in A.

1.11

We have the following:

(i) We just apply the given condition to 2 + x, to obtain x + x = (z + 2)? = 22 + 22 + 2z = = + 2 + 2x,
hence 2z = 0.

(ii) Every prime ideal is maximal follows from exercise 7, while the second corollary follows from (i).

(iii) It suffices to show that any ideal generated by two elements of A is in fact principal. Indeed, given
a,y € A, we claim that (z,y) = (x + y + xy). The direction (z,y) D (z + y + xy) is trivial. For the other
inclusion, note that any element of (z,y) is of the form Y z™y™ but given the conditions of idempotency,
we see that the only elements that remain after the reductions in the sum will belong to (x + y + xy), hence
the other direction.

1.12

If m is the unique maximal ideal of the ring A, then m contains all the non-units of A. If e € A were
idempotent, then e(e — 1) = 0, hence if e or e — 1 were units, then e would be 0 or 1. Otherwise, e € m and
e — 1 € m, which imply 1 € m, contradiction, since m is by definition a proper ideal of A.

Construction of an algebraic closure of a field (E. Artin)

1.13

We will first show that a = ({f(zf)}rex) is not the unit ideal. Otherwise, given any polynomial p € A it
would be presentable as a finite sum in the form

p=_ysflxs),

feT

where yy € A. But 1 clearly cannot be represented in such a form, hence o # (1). If we now let m be the
maximal ideal of A containing a, we observe that K1 = A/m is a field extension of K in which every f € ¥
has a root. Repeating the construction, we obtain K5 in which every f € ¥ has two roots (if possible), and
similarly we obtain K,, for al n € N. We deduce that L = Uf; K; is a field extension which contains all the
roots of every f € X; its algebraic elements form an algebraic closure K for K.

1.14

The fact that > has a maximal element is a trivial application of Zorn’s lemma; we just need to show that
every ascending chain of ideals has a maximal element. Now, assume that m is a maximal ideal of ¥ and let
zy € m, pry = 0, with p # 0. We claim that © € m or y € m. Assume the contrary. Then, m C (m,x) and
(m, z) would still be an ideal of ¥, since its elements are clearly zero divisors. This furnishes a contradiction
to the maximality of m. Therefore, every maximal ideal of ¥ is prime.

The prime spectrum of a ring
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1.15

We have the following:
(i) The relations V(E) = V(a) = V(r(a)) are obvious.
(ii) Similarly, the relations V(0) = X = Spec(A4) and V(1) = @ are obvious.
(iii) Again, we have

ﬂ V(E;) = V(ﬂ E;)
i€l iel
(iv) Similarly trivial are the relations V(anb) = V(ab) = V(a) U V(b).

These results show that the space Spec(A) of all prime ideals of A can be endowed with a topology - the
Zariski topology - if we define the V(E) to be its closed sets.

1.16

We immediately see the following:

Spec(R) = @

Spec(Clz]) = {(p) : p € Clx] is of degree 1}

Spec(R[z]) = {(p) : p € R[z] is irreducible}

Spec(Z[z]) = {(p) : p € Z[x] is irreducible}
1.17

Given f € A, we define X; = {p € Spec(A4)/f ¢ p}. It’s obvious that X = X1, @ =Xpand O = X -V (E) =
UfeE X, hence the set {X, f € A} is a basis for the Zariski topology on Spec(A). We now have:

(i) Xy N Xy = Xy4 (obviously)

(i) Xy = @ & f € R (obviously)

(i) Xy = X & f € A* (obviously)

(iv) Xy = X, < r(f) =r(g) (obviously)

(v) Note that for f,g € A, Xy = X, if and only if (f) = (¢9). In particular, X; = X = X if and only if
f € A*. We also easily deduce (by de Morgan’s formula and exercise 15) that:

U Xp = X({fiyien
i€l

Therefore, if {X, }icr is an open cover of X (and it’s only those covers of X that we need to consider, by a
standard proposition in point-set topology), then

X fiyier) = X1,

which implies that the {f;};cr generate the unit ideal. Therefore, there is a finite subset of indices J such

that
jeJ

where g; € A. Now, obviously the {f;};cs generate the unit ideal, hence the { X, };cs are a finite subcover
of X.

(vi) This follows by exactly the same argument as above, but considering covers of the form {Xy, }ier,
where Xy, C Xj.

(vii) If an open subspace Y of X is quasi-compact, then considering a standard cover by sets of the form
Xy, f € A we see that Y must be a finite union of sets X.

Conversely, if an open subspace Y of X is a union of a finite number of sets X, then any open cover
{X}, }ier of Y induces an open cover for each of the X (namely {X ;N Xy, }ier). By (vil), each of those will
have a finite subcover and these subcovers yield a finite subcover of X.
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1.18

We have the following:

(i) By the definition of the Zariski topology, {2} is closed in Spec(A) if and only if {x} = V(E) for some
subset E of A, hence if and only if p, is the only prime ideal that contains E, hence if and only if £ = p,
and p, is maximal (attaching any elements of A — E would generate the unit ideal).

(ii) The relation {x} = V(p,) is obvious by our remarks above.

(ili) y € {z} = V(p) if and only if p, D p,

(iv) If z and y are distinct points of Spec(A), then either p, ¢ p, or p, € p,; assume without loss of
generality the latter. This is equivalent by our previous observations to z ¢ @, which implies that X f@
is an open set that contains x but not y.

1.19

We claim that Spec(A) is irreducible if and only Xy N X, # @ for f and g non-nilpotent. Indeed, since
{Xf}teca are a basis for the Zariski topology on Spec(A), we see that any two non-empty sets will intersect
if and only if any two non-empty basis elements intersect. This is equivalent to Xy, = Xy N X, # O if
X, X, # @. The latter condition is fulfilled if and only if f and ¢ are not nilpotent (by exercise 17) hence
the previous condition is equivalent to the following: there is a prime ideal p such that fg ¢ p if f, g are not
nilpotent hence fg ¢ R if f ¢ R, g ¢ R . Therefore, X is irreducible if and only if the nilradical is prime.

1.20

We have the following:

(i) If Y is an irreducible subspace if a topological space X, then Y is also irreducible, since by definition
any neighborhood of a boundary point will intersect Y (hence any two open sets in Y continue to intersect
inY).

(ii) We consider the set X of all irreducible subspaces of X; it’s not empty, since x € ¥ for all z € X.
Then, by an application of Zorn’s lemma in the usual fashion (any ascending chain of irreducible subspaces
will be bounded by the union of all its elements which is irreducible itself) we guarantee a maximal element
for X.

(iii) The maximal irreducible components of X are obviously closed (otherwise their irreducible closures
would strictly contain them, contradiction) and they cover X (we see that any point z of X is contained in
a maximal irreducible subspace by applying Zorn’s lemma to the space ¥, which comprises the irreducible
subspaces of X that contain x). In a Hausdorff space each point is a maximal irreducible component.

(iv) In the case of Spec(A) we note that the closed sets V(p), where p is a minimal prime ideal are
irreducible (any two open sets will be of the form V(p) — V(E) and hence they will intersect) and that any
two points € V(p1), y € V(p2) can be separated by disjoint open sets. Therefore, the maximal irreducible
components of Spec(A) are V(p), where p € Spec(A) is minimal.

1.21

We have the following:
(i) The following equivalences:

a€ 6" (Xp) = 07(a) € Xy = £ ¢ 07(0) = 671 () = 0 € Vg

yield that gzﬁ*_l(Xf) = Yy(x;) Now ¢* is continuous, since the Xy form a basis for the Zariski topology.
(ii) The following equivalences:

g€ ¢ (V(a) &= ¢"(q) 2a <= q2a° <= qeV(s(a))

yield that ¢*~1(V(a)) = V(a®), as desired.
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(iii) The statement that

follows in the same fashion as the previous one.

(iv) By proposition 1.1, we know that ¢*(Y) = V(ker(¢)) and ¢* induces a bijective (and continuous,
by the previous question) map from Y to V(ker(¢)). Thus we merely need to show that ¢*~! is continuous.
Let Y’ = V(b) be any closed subset of Y and let a = ¢~!(b). Then, the following equivalences:

peEP(Y)=0"(V(b) <= p=0"(0) 2b=p=0""(q) 2b° = p e V(b)

imply that ¢*(Y’) = V(b°) and in particular that ¢*(Y”) is closed when Y’ is and therefore that ¢* is a
homeomorphism.

In particular, the natural surjective projection map from A to A/ induces a homeomorphism between
Spec(A) and Spec(A/R).

(v) By the previous statement, we have

¢*(Y) = ¢*(V(0)) = V(0°) = V(ker(¢))

thus ¢*(Y) is dense in X <= ¢*(Y) = V(ker(¢)) = X «— ker(¢) C p for all prime ideals p <= ker(¢) C .

(vi) The desired result follows immediately by definition.

(vil) By assumption, the two only prime ideals of A are p and 0, which implies that p is a maximal ideal
of A and thus A/p is a field. This yields that the ring B = (A/p) x K will also have only two ideals, namely
q1 = {(7,0) : € A} and g2 = {(0,k) : k¥ € K}. The ring homomorphism ¢ : A — B defined by ¢(z, z) is
bijective (¢*(q1) = 0 and ¢*(g2) = p) and continuous.

However, ¢* is not a homeomorphism. In the topological space Spec(B) = {q1, q2}, we have {q1} = V(q1)
is closed as q1 € g2, but ¢*(q1) = 0 is not closed in Spec(A4), since 0 is not a maximal ideal of A (by exercise
18).

1.22

A decomposition of A in the form
A~A; x Ay x...x A,

yields a decomposition
Spec(A) ~ Spec(A;) x Spec(Asz) X ...Spec(Ay)

If we embed every space Spec(4;) as X; = (0,0, ..., Spec(4;),0,...,0) in Spec(A), it’s a standard argument
that the existence of the latter decomposition is equivalent to the decomposition of Spec(A) as a disjoint
union of the Xj.

Given a ring A, we have the following:

(i) = (ii) This direction follows from our previous observation and the definition of connectedness.

(ii) = (iil) If a decomposition of the form A ~ A; x Ay (where Ay, A2 are non-trivial) existed, then a
non-trivial idempotent element of A would be the pull-back of (1,0).

(iii) = (ii) If e € A is a non-trivial idempotent, then X = Spec(A) decomposes as X1 LI X5, where

X1 ={peX/eecyp}

and
Xo={peX/e—1¢€p}.

It’s a trivial observation that X; N Xs = & (as in our proof that a local ring possesses no non-trivial
idempotents) and similarly trivial is the verification that X = X; U X5. This decomposition implies that X
is disconnected.
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1.23

We have the following:
(i) Each f € A is idempotent hence X, induces a disjoint decomposition as in the previous exercise. It’s
now obvious that the sets X; and X5 with the notation of exercise 22 are simultaneously closed and open.
(ii) By the formula of exercise 17, and by the fact that a Boolean ring is always a Principal Ideal Domain,
we deduce that there is f € A such that

X(fiforntn) =Xp UXp U UXy, = Xy

(iii) The hint in the book is a full proof; let Y C X be both open and closed. Since Y is open, it is a
union of sets Xy. Since Y is a closed subspace of a quasi-compact space, it is quasi-compact too hence it is
a finite union of sets Xy, say Xy, ,Xy,,...,Xy,. Now, (ii) finishes the proof.

(iv) X is (obviously) compact and Hausdorff.

1.24

There is nothing to be provided other than a tedious verification of the axioms.

1.25

Stone’s Theorem that every Boolean lattice is isomorphic to the lattice of open and closed sets of some
compact Hausdorff space follows immediately from exercises 23 and 24.

1.26

We will just repeat the construction of the book, which shows that X ~ Max(C(X)), by the map p: X —
Max(C(X)) given by z — m, = {f € C(X)/f(x) = 0}. Note that m, is always a maximal ideal, as the
kernel of the surjective map that sends f to f(x) (whence C'(X)/m, ~ R is a field).

(i) Let m be any maximal ideal in X. Then, let V(m) be the set of common zeroes of functions in m,
namely V(m) = {z € X/f(z) = 0 for all f € m}. We claim that V(m) # @. Indeed, otherwise, for every
x € X there is f, € m, such that f,(x) # 0. Since f, is continuous, there is a neighborhood U, of x on
which f, does not vanish. By the compactness of X, a finite number of these neighborhoods cover X, say

{Uzl }i:l,Z,...rr

Then, f = Y1, f2 € m, but f does not vanish on any point of X, hence it’s a unit, hence m = (1),
contradiction. Therefore, V(m) # @. Let € V(m). Then, C m,, which implies m = m, by the maximality
of m. Hence m € Imy and p is surjective.
(ii) By Urysohn’s lemma, the continuous functions separate the points of C(X) and this implies that
m, # m, if x # y. Hence p is injective.
(iii) For f € C(X), let
Up ={z € X/f(x) # 0}
and
Up={meX/f em}.
We obviously have u(Uy) = Uy. Since the open sets Uy (resp. Uy) form bases of the topologies on X and X
we deduce that p is also continuous (as is 4~1). Therefore X is homeomorphic to Max(C(X)).

Affine algebraic varieties

1.27

There is nothing to be proved in this exercise if we invoke the Nullstellensatz for the surjectivity of p.
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1.28

We have the following situation:

U:[p: X =Y, regular] — Homy(P(Y), P(X)),
where ¥ is defined by
¢r—W(g): (n—100)

We see that U is injective because n(¢1) = n(¢2) for all n implies ¢1 = ¢2 (obviously; just let  be the
natural projections). It’s also surjective; if ¥ is any k-algebra homomorphism P(Y) — P(X), then ¥ = ¢on,
where 7 is the polynomial transformation that sends the values of ¢ on P(X) to the values of W.



Chapter 2

Modules

2.1

Since m and n are coprime, there are integers a and b such that am + by = 1. Therefore, given x ® y €
(Z/mZ) ®z (Z/nZ), we see that z @y = 1(z ® y) = am(z ® y) + nb(z ® y) = a(mzx @ y) + b(zx ® ny) =
a(0 ® y) + b(z ® 0) = 0, and since every generator is identically 0, so will the whole tensor product be.

2.2

If we tensor the exact sequence

a% AT AJa— 0,

we obtain
incl®1

a®a M — A@AM@(A/Q)®AM—>O
and this induces an isomorphism between (A/a) ® 4 M and the cokernel of incl ® 1, which is (A® s M)/(a®a
M) ~ M/aM, since given any ideal a of A a trivial argument shows that a ® 4 M ~ aM (we need M to be
flat for this to be true). Hence, (A/a) ® 4 M ~ M/aM, as desired.

The above proposition is true even if M is not a flat A-module. A proof in this general case would
proceed as follows: consider the map ¢ : (A/a) ®4 M — M /aM, defined by (a,z) — ax mod aM. This is
clearly a bilinear homomorphism, which induces a linear homomorphism M — (A/a) ® 4 M whose inverse
is 2 +— 1®4 x (where 1 is the image of 1 in A/a). It is clear that aM is contained in the kernel of this last
linear map, and hence the construction yields an isomorphism between M/aM and (A/a) ® 4 M, as desired
(Lang, Algebra, 612).

2.3

Let m be the maximal ideal of A, k = A/mA its residue field. We also let My = k®4 M ~ M/mM, by
exercise 2. The condition M ®4 N = 0 implies (M ®4 N); = 0, hence My ®4 N, = (M ®4 N) ®4 k = 0.
But M and N}, are vector fields over the field k, hence dimy(My ®4 Ni) = dimg(My)dimg (N ), hence
My, ®4 Ny = 0 implies My = 0 or N = 0. Let without loss of generality the former be true. Then, since m

is the unique maximal ideal, it will coincide with the Jacobson radical of A, so M/mM = M = 0 implies
M = mM and by Nakayama’s lemma this yields M = 0.

24
If M, N, P are A-modules, we know that
(MON) P=(M®P)® (N®P),

11
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hence we have the following equivalence: M = €, ; M; is flat if and only if an exact sequence

el
0—M —M-—M—0

remains exact after tensoring by M:

0— Mo @M) — Me (@ M) — M e (@ M) — o.
el i€l i€l

The above can be written as

0 — @0 M) — O © M) — PO e M) — o,
el i€l el

and this sequence is exact if and only if each component
0— (M eM;)— M M) — (M"®M;)—0

is exact, hence if and only if each M; is flat.

2.5

We observe that

Ala] = @ @™,

m=0

hence Alx] is a flat A-algebra if and only if each component (z™) is a flat A-algebra (by the previous exercise).
By Lang’s lemma (Lang, Algebra, 618), it suffices to show that the natural map ¢ : a® (™) — a(z™) is an
isomorphism for any ideal a of A. Indeed, surjectivity is obvious and we may write any arbitrary generator
of a® (z™) as a ® 2™ (transferring the constants to the first slot; the product will be in a, because a is an
ideal). Any two such generators will map to the same element in a(z™) is and only if their respective first
slots coincide and thus if and only if they coincide. Hence the natural map is an isomorphism, as desired.

2.6

First note that M[x] = {m¢ +miz + ... + my2"/m; € M,r € N} is a module over A[z], if we define the
product of two polynomials in the obvious fashion. We see that since M = AM = {am/a € A,m € M},
M z] will coincide with (AM)[z].

We also see that the homomorphism ¢ : Alz] ®4 M — (AM)[x] defined as a(z) ®4 m — a(z)m has
an obvious inverse v : a(z)m — a(z) ® 4 m and thus it induces an isomorphism of tensor products between
Alz] ®4 M and (AM)[z] = M|[z], as desired.

2.7

Note that if A is a ring and a is any ideal in it, then

Alz]/a[z] = (A/a)[z].

For the proof, just note that afz] is the kernel of the natural projection map from Alz] to (A/a)[x].

Now let p be a prime ideal of A. Then, A/p is an integral domain, and hence so is (A/p)[z] by the Hilbert
Basis Theorem. But, by the above, A[z]/p[z] will be an integral domain too, thus p[z] sill be a prime ideal
in A[x], as desired.

In the case p is maximal in A, it doesn’t necessarily follow that plx] is maximal in A[z]; if F is a field, it
doesn’t necessarily follow that F[z] is a field too.
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2.8

We have the following:

(i) If M and N are flat A-modules, then so is M ® 4 N, since the tensor functor is associative (tensoring
an exact sequence first by M and then by N is equivalent to tensoring by M ® 4 N).

(ii) Note first that if

0— M 2L Bo, M2 Bo, M —0
is an exact sequence and B is flat, then

0—M Lm0
is also exact. By proposition 2.19, this boils down to the statement that if the homomorphism 1 ®4 f is
injective, then so is the homomorphism f. For assume that 1 ® 4 f is injective, but f isn’t. Then, there are
distinct 1,22 such that f(x1) = f(z2), and for every suitable y we would have y ®4 f(z1) = y ®4 f(x2)
hence y ® 4 1 = y ®4 x2 (by the injectivity of 1 ® 4 f). But then, (1) ®4 (z) = 0 (where x = 1 — z3) and
since both modules are finitely generated, we deduce (by exercise 3) that « = 0, contradiction.

Now if

0— M Lm2m —o
is exact, then by the assumptions of the exercise it will remain exact when tensoring first by B (after which
we may regard the sequence as a sequence of B-modules) and then by N. The above lemma implies that

we may remove the tensor by the flat A-module B without penalty and this will leave us with an exact
sequence; but that’s merely the initial sequence tensored by N. Hence N is flat as an A-module, as desired.

2.9

We shall only use the assumption that 0 — M’ oM M7 — 0is exact and M is finitely generated.
We see that if 21, z9, . . ., 2, are generators for M”'| then Ty, Za, . . ., T, in Coker(g) = M"/ f(M’) will generate
Coker(g). But by the exactness of the sequence, Coker(g) ~ M, hence M will be finitely generated.

2.10

We shall first show the following embedding;:
(N/u(M))/(a(N/u(M))) — (N/aN)/u(M/aM)

The mapping is the natural one: given @ € N/u(M) we send it first to 7 € N/aN and then to 7 €
(N/aN)/u(M/aM). It’s a trivial verification that the kernel of this A-module homomorphism is included
in a(N/u(M)), hence the embedding. However, we notice that (N/aN)/u(M/aM) = 0 since the induced
homomorphism is surjective. Therefore, we will have (N/u(M))/(a(N/u(M))) = 0, too and by Nakayama’s
lemma N/u(M) = 0, hence N = u(M), hence u is surjective, as desired.

2.11

We have the following:

(i) Let ¢ : A — A™ be an isomorphism and let m be a maximal ideal of A. Then, m annihilates the
module (A/m)®4 A™ |, hence we may regard (A/m) ®4 A™ (as well as (A/m) ®4 A™, of course) as a vector
space over the field A/m. But then ¢ induces an isomorphism

1®¢: (A/m) @4 A" — (A/m) @4 A"

between two vector spaces of dimensions n and m and this clearly implies m = n.
(ii) If ¢ : A™ — A™ is surjective, then A™ ~ A™ /N, where N = ker ¢. But, if z1, 29, ...2,, generate
A™  then obviously Ty, %o, ..., T, generate A™, hence m > n, as desired.
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(iii) Thanks to Nick Rozenblyum for informing me that the statement is in fact correct, but it’s probably
one of the most difficult problems in the book!

If ¢ : A™ — A™ is injective, then it necessarily follows that m < n. Indeed, let {ej,es,...,€e,} be
the standard canonical basis of A™ and let ¢(e;) = (ai1,ai2,...,ai) € A™ for 1 < i < m. Then, let D be
the n x n matrix (a;;). Without loss of generality, we may consider the cases m,n > 0 and D # 0 (the
omitted cases are trivial); also, by possibly rearranging the orders of the basis elements of A™ and A™, we
may assume that the non-zero r x r minor of D is at the upper left corner.

Suppose, contrary to the desired conclusion, that m > n. Then, m > r 4+ 1 and we denote the (r+1) x r
block matrix at the upper left corner of D by D’. For each 7 = 1,2,...,n the quantity E:Ll ai;jb; can be
realized as the determinant of a (r + 1) x (r + 1) matrix. If 1 < j < r, then the matrix has two identical
columns up to £1. If r+1 < j < n, then the determinant of the matrix is an (r+ 1) x (r 4+ 1) minor (again,
up to +1) of D. Therefore, we have Z:;l ai;b; =0 for all 1 < j < n. But this means that

r+1 r+1

¢(b1,...,br+1,0,...,0) = (Zaﬂbi,...,Zambi) = (0,,0) S A"
i=1 i=1

which is a contradiction to the injectivity of ¢ since (b1,...,br41,...,0,...,0) #(0,0,...,0) € A™.
This completes the proof that m < n.

2.12

Let e, ea,...,e, be a basis of A™. Choose uj,us,...,u, such that ¢(u;) = e;. We now claim that M =
ker ¢ & (u1,uz,...,u,). Indeed, if x € M, then ¢(z) = D" | yie; = ¢, yiu;) for some y; € A, hence
there is a unique n € ker ¢ such that  =n+ . y;u;, which clearly implies M = ker ¢ @ (u1,ua, ..., up).
Since there is a finite number of generators x1,xs,...,x,;, of M, we see that at most a finite number of
them generate (up,us,...,u,) (we may add the w; to the x; if necessary) and hence the complement of
(u1,ug,...,u,) in M, namely ker ¢, will be generated by the rest of the x;. In particular, it will be finitely
generated.

2.13

In order to show the injectivity of g, we will repeat a familiar argument: let ¥y map to 0 under g. Then,
1®y =0, thus (1) ® (y) = 0, hence (y) = 0 by exercise 3, since (1) and (y) are both finitely generated. This
yields y = 0, as desired.

Then, let p: Ng — N be defined by sending b ® y to by. We now claim that ker p and g(N) are direct
summands of Ng and moreover Ng = g(N) @ ker p. Indeed, we obviously have g(N) Nkerp = 0, and also
Np = g(N) +kerp, since any generator b®n of Np can be written as b(1 ® n) + 0 ® n. This completes the
proof.

Direct limits

2.14

We will just repeat the construction of the book; there is nothing else to be proved. Let A be a ring, I a
directed set and let (M;);cs be a family of A-modules indexed by I. For each pair 4, j € I such that i < j,
let p;; : My — M; be a homomorphism and suppose that the following axioms are satisfied:

(1) py; is the identity mapping on M;.

(ii) pij = fajtoik, for elements ¢ < j < k of I. Then the modules M; and homomorphisms p;; are said to
form a direct system M = (M;, pt;5) over the directed set I.

We shall construct an A-module M called the direct limit of the direct system M. Let C' be the direct sum
of the M;; identify each module M; with its embedding in C'. Then let D denote the submodule generated
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by all elements of the form z; — p1;;(z;) for ¢ < j and x; € M;. Let M be C/D, let fr : C'— M be the natural
projection and let u; be the restriction of u on M;.

The module M together with the family of homomorphisms p; : M; — M, is called the direct limit of
the direct system M. It’s denoted by

From the construction, it is clear that u; = p; o pgj, for ¢ < j.

2.15

Any element of M = C/D is in the image of the natural projection map u : C' — C/D. Hence, any element
of M can be written as u(x), where z € M, for some i € I, since M is the direct sum of the M;. But
Wi = p|n,, hence any element can be written as u;(x;), for some i € I.

Also, if an element p;(x;) is equal to zero, then z; must belong to the ideal generated by some element
xf — pij(x}) for some i < j. But then, u;;(z;) € (uij(z;) — pij(z})) = (0), hence p;;(x;) = 0 as desired.

2.16

In the situation of exercise 14, we will show that if M’ were any A-module such that given any A-module N
and a collection of homomorphisms «; : M; — N such that o; = «; o p;; for all ¢ < j, then there exists a
unique homomorphism « : M’ — N such that a; = a o u; for all i € I, then M’ is isomorphic to M. Note
of course that M has the property itself; we just define a(z) = a;(x;), where = p;(x;) (as in the previous
exercise).

If the above property is shared by some module M’, then taking N = M and «;; = p;; yields a unique
homomorphism « : M’ — M such that u; = a o p; for all i« € I. But then « is surjective and injective,
hence an isomorphism.

2.17

By the construction, it is clear that in this case

lim M; = Z M; = U M;,
- el el

the last equality being an equality of sets. The first equality is true because modding out by D has the effect
of identifying the canonical images of the x; thus cancelling the distinction between elements whose sets of
coordinates coincide (they are different in € M; but not in Y, M;).

In particular, we deduce that any A-module is the direct limit of its finitely generated submodules.

2.18

Indeed, @ defines a unique map
¢=Ilim: M — N.

Given © € M there is x; € M; for some i € I such that u;(z;) = x. We define ¢(x) as:
P(x) = vi(di(2i)),

so that the required condition is satisfied. We see that ¢ is well defined because if x = p;(z;) = p;(z}), then
vi(¢i(z:)) = vi(¢i(z])), since by the given condition and exercise 14, v; 0 ¢; = v 0V 0 p; = v 0 P © ;.
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2.19

We will prove that if (M;, u;), (N, v;) and (P, p;) are direct systems over a common index set I such that
there are families {¢};e; and {¢};er of A-module homomorphisms that render the sequence

M, 25 N, L p
exact for all ¢ € I, then the corresponding sequence
M- NP
we obtain after passing to the limit is also exact.
For every i € I we have Im¢; = ker ;. Now, given = € ker 1) we see by exercise 18 that, for some i € I,

z € Im¢; C Ime¢, hence Im¢ D kerp. Similarly the other direction shows Im¢ = ker ¢, which is equivalent
to exactness of the desired sequence.

Tensor products commute with direct limits

2.20
We will show that ¢ : P — M ® N is an isomorphism, so that
th(MZ ®QN) ~ (h£1Ml) ® N.
To achieve that, we just need to exhibit an inverse for . This inverse will be the map ¢ : M ® N — P that
arises from g : M x N — P which in turn is defined by the canonical mapping g; : M; x N — M; ® N for

every ¢ € I. The uniqueness of g is guaranteed by exercise 16. We further see that ¢ o and v o ¢ are the
identity, hence they are isomorphisms, as desired.

2.21

In order to show that the mappings «; : A; — A are ring homomorphisms we need to show they map 14,
to 14 (the other conditions are already satisfied). But this is obvious.

If A =0, then 1 = 0, hence there is 7 € I such that a;(z;) = 1 = 0 and hence z; = 0. But x; = 1, too.
Thus A; = 0.

2.22

It’s obvious that the nilradical of the direct limit of the A; is the direct limit of their nilradicals $R; and that
if each A; is an integral domain then so is their direct limit.

2.23

There is nothing to be added to the construction of the book.

Flatness and Tor

2.24

We have the following:
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(i) = (ii) Let 0 — N’ — N — N” — 0 be an exact sequence. Then, since M is flat, tensoring by
M will leave the sequence exact, hence its homology groups, which are precisely Torﬁ(M ,N), will be 0 for
all n > 0 and all A-modules N (N = N, N’ N if we take the above exact sequence).

(ii) = (iii) This follows directly.

(iii) = (i) As before, let 0 — N’ — N — N — 0 be an exact sequence. Then, the Tor sequence

Tory(M,N") — M ®N' — M ® N — M ® N" — 0

will be exact. But the condition Tor{'(M, N”) = 0 yields that the initial sequence tensored by M is exact,
or that M is flat.

2.25

Let 0 — E’ — E be an exact sequence. Then we have the following exact and commutative diagram:

0

0—=NQ®FE —NQF —=N'QFE——=0

o

0——=NQE—>NQFE—>N'QFE——0

In it, the 0 on top is justified by the hypothesis that N is flat, and the two zeroes on the left are justified
by the Tor exact sequence of homological algebra. If N’ is flat, then the first vertical map is an injection ,
and the snake lemma shows that N is flat. Conversely, if N is flat, then the middle column is an injection.
The two zeroes on the left and the commutativity of the left square show that the map N'®@ E/ — N'®@ E
is an injection, so N’ is flat. This completes the proof. (Lang, Algebra, 616)

2.26

First, assume that Tory (M, N) = 0 for all finitely generated modules M of A. Since any A-module is a
direct limit of its finitely generated submodules, and taking direct limits is an exact operation (by exercises
17 and 19 respectively), we obtain that Tor; (M, N) = 0 for all A-modules M, hence N is flat. We can
reduce this condition to Tor; (M, N) = 0 for all cyclic modules M over A. For if M is finitely generated by
X1,L2, ..., Ty over A and M’ = (z,,), M" = (z1,22,...,2m—1), then M = M’ @ M" and N is flat for M
if and only if it’s flat for M’ and M” (by exercise 4); but both of those have less generators than M, so the
condition can be relaxed to cyclic A-modules (in particular, modules of the form A/a for some ideal a of A).
By proposition 2.19, we may just consider finitely generated ideals a.
The other direction is obvious.

2.27

We have the following:
(i) = (ii). Let € A. Then A/(z) is a flat A-module, hence in the diagram

(@) 0 A5 @ AJ(z)

|k
A———4/@)

the mapping « is injective. Hence Im(3) = 0, hence (7)? = (22) = ()
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(ii) = (iii) Let € A. Then, by the assumption z = az? for some a € A, hence e = ax is idempotent and
(e) = (x). Now, if e and f are idempotents, then (e, f) = (e+ f +ef) (as in exercise 1.11). This implies that
every finitely generated ideal has an idempotent generator (in particular, it’s principal) and it’s will also be
a direct summand since A = (e) @ (e — 1) (as in exercise 1.22).

(iii) = (i) Let N be any A-module. Then, given any finitely generated ideal a of A, there is a finitely
generated (by the proof of the previous direction) ideal b such that A = a @ b. But this implies that
Tory(A/a, N) = Tory (b, N) = 0, which is equivalent to flatness (by exercise 26).

2.28

Any ring A for which given any x € A there is n € N such that ™ = x is absolutely flat. This is so because
(r) = (z"71) and 2! is idempotent, hence so is (z). By exercise 27, this condition is equivalent to absolute
flatness. A Boolean ring is merely a special case of the above.

Let f : A — B be a surjective homomorphism, so that B = f(A) and B is isomorphic to A/N, where
N = ker(f). Then, the principal ideals of A/N are in bijective correspondence with the principal ideals of A
that contain N. Any such ideal a gives rise to a decomposition A = a@®b, hence B ~ A/N = (a/N)® (b/N).
Hence every principal ideal of B is a direct summand of B. By exercise 27, this condition is equivalent to
absolute flatness.

Let z € A be an element of an absolutely flat local ring A (whose maximal ideal is m). Then, if x is a
non-zero element of A, we have z(ax — 1) = 0 for some a € A. If ¢ m, then z is a unit. If x € m, then
necessarily az — 1 ¢ m for otherwise 1 = ax — (ax — 1) € m, contradiction. Therefore, az — 1 is a unit in
this case, but then the above equation yields = 0, contradiction. Therefore, x is a unit and since = was
arbitrary, we conclude that A is a field.

If A is absolutely flat and = € A is a non-unit, then z = az? for some a € A, hence x(ax — 1) = 0 and
ar — 1 # 0, hence z is a zero divisor.



Chapter 3

Rings and Modules of Fractions

3.1

If there is s € S such that sM = 0, then obviously S™'M = 0 (because then m/t = ms/ts = 0/ts = 0
for any elements m/t € S™*M). Conversely, if S™'M = 0 and z1,s,..., 7, generate M, then there are
elements of S s1, s9,..., 8, such that s;m; =0 for all 1 < i <n. We may then put s = s155...s,, and this

choice will clearly do.

3.2

Let a/s,a € a, s € 1 +a be an element of S™'a and a'/t, a’ € A, t € 1 + a be an element of S~*A. Then,
we will show that 1 + aa’/st € (S71A)*, hence that S~!'a C J (the Jacobson radical of S~1A). Indeed,
1+ ad’/st = (st + aa’)/st whose inverse st/(st + aa’) belongs to S~ A, since st + aa’ = 1 mod a.

We may use this fact to show (2.5) without resorting to determinants. For if M is finitely generated, then
so is S7!M and hence M = aM implies S~™'M = (S~ 'a)(S~'M), hence Nakayama implies that S~1M = 0.
By exercise 1, there is s € 1 4 a such that sM = 0, as desired.

3.3

We let U mean f(T), where f : T — S~ 'A maps t € T to t/1, and ST = {st/s € S,t € T} (so that
ST is multiplicative if so are S and T'). Under these assumptions, the homomorphism ¢ : (ST)"1A —
U~1(S71A), defined as ¢(a/st) = (a/s)/(t/1) is an isomorphism (obviously).

3.4

The S~ A-module homomorphism ¢ : St B — T~!B defined by b/s — b/ f(s) has an obvious inverse (the
map that sends b/ f(s) to b/s) and therefore it’s an isomorphism.

3.5

Suppose that A has a non-zero nilpotent element . Then, x belongs to all prime ideals p of A and so do all
its powers {z" }en; thus given any prime ideal p, the element (z/1) € A, is nilpotent. If we now choose the
maximal (thus prime) ideal p that contains the ideal Ann(x), we make sure that z # 0 in A,, hence if A,
contains no non-zero nilpotent element for all prime ideals p, then A contains no non-zero nilpotent element.

The analogous statement for integral domains is not true though. For example, A = Z/6Z is not an
integral domain, but A, is an integral domain for all prime ideals of A (namely, (2) and (3)).

19
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3.6

The fact that ¥ = {S C A : S is multiplicatively closed and 0 ¢ S} has maximal elements follows from a
trivial application of Zorn’s lemma (given an ascending chain, we consider the union of all its elements); it’s
also trivial that if S € ¥ is maximal, then A — S will be a minimal prime subset of A.

In order to show that A — S is an ideal, we need to show that it’s closed under addition and scalar
multiplication. Indeed, if S is maximal, then we have a ¢ S if and only if there is s € S and n € N such that
sa™ = 0. For the proof of this, observe that the set a?>°S = {a"s : n > 0,s € S} is multiplicatively closed
and contains S and a. Now, ifa ¢ S, b ¢ S and a™s; = b™sy = 0, then (ab)"s; = 0 and (a+ b)) "s155 = 0,
hence S is closed under addition and multiplication, as desired.

Conversely, let p be a minimal prime ideal of A. Then, A — p is obviously in ¥ and any S’ € ¥ that
contained S would yield a prime ideal p’ = A — S’ that would be contained in p, contradiction.

3.7

We have the following:
(i) We shall prove that if S is saturated, then

A-S= |J »

pNS=2

Indeed, it’s obvious that the left hand side contains the right hand side. For the other direction, let x € A—.S
and let () = a. Then, if we let S/a = {s+a : s € S} be the set of cosets of S in a, we observe that
0=0+a¢ S/a (because that would imply S Na # @& which is absurd by the saturation condition on S).
Also, S/a is multiplicatively closed as a subset of A/a because S is. Therefore, by exercise 6 there exists a
maximal multiplicatively closed set ¥ = a — p, where p is a minimal prime ideal such that S C X. This p
must be of the form p/a where p is some prime ideal that contains a; in particular, pN.S = @ and this shows
that x belongs to the right hand side. Thus the other inclusion

A-sSc | »

pNS

holds and this completes the proof.
(ii) If S is multiplicatively closed, then

S=A- ] »

pNS=2

is a saturated and multiplicatively closed set that contains it. If S’ were any saturated and multiplicatively
closed subset of S that contained S, then its complement in A would contain at least one prime ideal that has
non-trivial intersection with S. But then, this intersection would belong to both S and to A — s CA-S5,
a contradiction. Therefore S is minimal.

Now if we put S = 1 + a, we immediately see that p N (1 + a) # & if and only if p + a = (1). Therefore,
pN (14 a) =@ if and only if there is some prime ideal p’ such that p’ O p + a. But then

Tfa=4- |J »=4-Un»

pN(14a)=2 p2a

3.8

We have the following:

(i) = (ii) In particular, ¢ is surjective and this implies that ¢/1 € T—'A can be represented as a/s for
some a € A, s € S. Now, if a € S, then t/1 = a/s is invertible in S~'A. Otherwise, it’s the relation
(st —a)u = 0 for some u € S that implies invertibility of ¢/1.
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(ii) = (iii) If the inverse of ¢/1 is x/y, then there is u € S such that (uz)t = yu € S, as desired.
(iii) = (iv) It’s obvious that no element of T could belong to a prime ideal that meets S, therefore

pNS=2

as desired.
(iv) = (v) This is an immediate corollary of the above.
(v) = (i) We will show that the induced map

(]55 : (S_IA)ﬁ I (T_lA)E

is bijective for all prime ideals p of S~'A and this will conclude the proof by proposition 3.9 in the book.
Note that any such ideal must be of the form S~'p, where p is a prime ideal of A that doesn’t meet S; by
(iv) this condition yields pNT = & too.

Indeed, an element of (S~'A)g-1, has the form a5 where a € A, feA—pands;,so €S If

f/s2
a/s
—_ = = ()7
¢S 1p f/S2
then there would be f’/s3 € S~'p such that
! /
fla_Jae_,

53 81 8381

This in turn implies that there exists ¢ € T such that ¢f'a = 0 in A, But then tf’ ¢ p since f’ ¢ p and
TNp=9g,thus tf'/1 ¢ S~1p. Hence

a/siy _ tf'a/si

f/sa tf'f/s2

and ¢g-1, is injective, as desired.
a/t

In order to show surjectivity, note that an element of (I'~*A4)g-1, is of the form s wherea € A, s € S,
feA—pandteT. Since t € p, we have t/% € (T1A)g-1,. Thus

gt _ ¢S*1p(ta/1

f/s tf/s

and ¢g-1, is surjective, as desired. This completes the proof.

)

3.9

Note first that the set Sy of all non-zero divisors of A is a saturated multiplicatively closed subset of A,
whence it follows that D is a union of prime ideals. A prime ideal p of A is minimal if and only if S = A —p
is a maximal multiplicatively closed subset of A that doesn’t contain 0; thus it follows that S the complement
in A of any union of prime ideals; in particular, A—p =5 O A— D and so p C D. We then have the
following:

(i) Any strictly larger set S, D Sy contains at least one zero-divisor a (let axz = 0, with  # 0). We then
notice that z/1 = (za)/a = 0 but z # 0, hence the natural homomorphism A — S ' A cannot be injective.

(ii) An element of Sy ' A has the form a/s, where a € A and s is a non-zero divisor. We immediately see
that if a is a zero divisor, then so is a/s and otherwise a/s is a unit. Hence, every element in S LA is a zero
divisor or a unit.

(iii) The natural homomorphism f : A — S A is injective, by (i). Now, given any element a/s € Sy A
the denominator s is not a zero divisor hence it must be a unit. If ss’ = 1, then a/s = as’/1 = f(as’), hence
f is also surjective. This completes the proof.
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3.10

We have the following;:

(i) If A is absolutely flat, then every principal ideal in A is idempotent, hence given 2 € A there is x € A
such that z(yz — 1) = 0. Let a/s be any element of S~™'A with s(0s — 1) = 0 and a(ca — 1) = 0. Then, we
see that (a/s)((a/o)(a/s) — 1) = 0, hence S7!A is absolutely flat.

Actually, the two conditions are equivalent, if we assume the latter and take S = {1}.

(ii) Assume that A is absolutely flat. Then, given any maximal ideal m of A, A,, is absolutely flat by
(). Given any non-zero, non-invertible a/s € Ay, (namely a € m, s € A — m), there is a/o € Ay (namely
a € A, 0 € A—m) such that (a/s)((a/o)(a/s) —1) = 0. Obviously, ((a/c)(a/s) — 1) = (aa — os)/(08)
cannot be a unit. It should thus be an element of the maximal ideal of Ay, (which is a local ring), therefore
we must have ca — os € m. But since a € m, aa € m, we conclude that os € m, which is absurd since m is
prime and none of s and o belong to m.

Conversely, let Ay, be a field for all maximal ideals m and let € A. Then, if z is a unit, (z) is obviously
idempotent. Otherwise, there is a maximal ideal m which contains x. Assume that x(ax — 1) # 0 for all
a € A. Then, the element x(ax — 1)/1 is always invertible, hence there is a/b € A, and u € A — m such
that az(ax — 1)u = bu, which is a contradiction, since the left hand side belongs to m, while the right to
A — m. Therefore, there is some a € A such that az? = z, which means that (z) is idempotent, thus A is
absolutely flat, as desired.

3.11

We have the following;:

(i) « (ii) The condition that A/R is absolutely flat is equivalent to the statement that given any non-
nilpotent = € A, there is a € A such that z(ax — 1) is nilpotent or, equivalently, such that z(az — 1) belongs
to all prime ideals of A. Now, let x ¢ p. Obviously z is not nilpotent but there is a € A such that z(ax — 1)
is; in particular, T(ax —1) = 0 in A/p, but T # 0. Since A/p is an integral domain, the above implies aT = 1,
or that T is a unit. Since x was arbitrary, we obtain that A/p is a field hence p is maximal.

Conversely, if every prime ideal is maximal, then given € A and p € Spec(A), there is a, such that
z(apx — 1) € p. Therefore, we see that

x H (apz —1) € R
pESpec(A)

and the product takes the form z(bz — 1) for some b € A. But then Z(bZ — 1) = 0 in A/R. Since the class T
was arbitrary, we conclude that A/%R is absolutely flat.

(ii) < (iii) This equivalence follows from chapter 1, exercise 1.18, because {p} = V (p).

(iv) « (ii) In this case, we see that X, and X, partition X and separate p and q.

If the above conditions are fulfilled, then Spec(A) is compact (since the definition of quasi-compactness
in the book seems to coincide with the usual definition of compactness and Spec(A) is always quasi-compact)
and the proof of the last equivalence shows that Spec(A) is totally disconnected.

3.12

The condition that A is an integral domain guarantees that T'(M) is a submodule of M. We then have the
following:

(i) This first statement is obvious.

(ii) If x € T(M) (say zy = 0, with y # 0 in A), then by the properties of module homomorphisms
yf(x) = f(yx) =0 and y # 0, hence f(x) € T(N), which of course means f(T(M)) C T(N).

(iii) The first map in 0 — M’ JoM S M will definitely remain injective when passing on to
0 — M’ Jom L M"; what remains to be shown is that Imf = kerg remains true. Indeed, let x €
Imjf = ker g; this, together with € T'(M) (which follows from our previous assertion and (ii)), shows that
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x € kerg and thus Imf C kerg. Conversely, let y € kerg C ker g = Imf; this,together with the fact that f
is injective (hence 0 = ay = af(x) = f(ax) if and only if az = 0) shows that y € Imf and thus Imf D kerg.
This completes the proof that Imf = kerg.

(iv) Note that if S = A — {0}, then the field of fractions K of A is merely S™'A, hence there is an
isomorphism between K ®4 M and S~'M. Therefore the map ¢ : M — K ®4 M that sends z to 1 ® x is
equivalent to (in particular, it will have the same kernel as) the map ¢ : M — S~!M that sends z to z/1.
Note that z/1 = 0 if and only if there is a non-zero s € A such that sz = 0, thus if and only if z € T(M).
This completes the proof.

3.13

First note the straightforward fact that T(S™1M) = S~1(T(M)). Then we have the following:

(i) = (ii) T(My) = T(M), =0

(i) = (iii) O.K.

(iii) = (i) Assume that T(M) # @; say x € T(M) with zy = 0 and z,y # 0. Then, let m be a maximal
ideal that contains a = Ann(z) (therefore note that ax # 0, ay # 0 for all @« € A —m). We easily see that
y(x/1) = 0 in My, and y # 0, which contradicts our assumption that M,, is torsion-free. Therefore M is
torsion-free.

3.14

The condition of the book implies that (M/aM )y, = 0 for all the maximal ideals m of A/a (note of course
that @ C Ann(M/aM) hence we may regard M/aM as an A/a-module). By proposition 3.8 this implies
m/aM =0, or M =alM.

3.15

We just repeat the hint of the book; it constitutes a full solution. Let x1,xs,...,x, be a set of generators
of F = A™ and let ey,es,...,6, be a canonical basis. Define ¢ : F — F by letting ¢(e;) = x;; this
homomorphism is obviously surjective. In order to prove injectivity, we may as well prove the statement
for the Ayn-module Fy, (where m is any maximal ideal of A). Now Ay is a local ring; let & = A/m be its
residue field. Also let N be the kernel of ¢. Since F' is a flat A-module (A is flat and the product of any

number of flat modules is flat too), the exact sequence 0 — N mlp p 0 yields an exact sequence

00— k®N 1@inel . QF 199 ) Q@ F — 0. But £k ® F = k™ is an n-dimensional vector space and 1 ® ¢ is

surjective thus injective, thus k¥ ® N = 0. But both k and N are finitely generated (the latter by chapter
2, exercise 12), thus N = 0 (since we can’t obviously have k¥ = 0). This completes the proof that ¢ is an
isomorphism.

We deduce that every set of generators of F' has at least n elements.

3.16

We have the following:

(i) = (ii) This part of the problem is clear by proposition 3.16.

(ii) = (iii) Assume that m® = (1) for some maximal ideal m of A. By the assumption, there is q €
Spec(B) such that q° = m. But, taking extensions yields (1) = m® = q°¢ C g, a contradiction.

(iii) = (iv) We note that since B is flat, we only need to show the statement for an arbitrary finitely gen-
erated submodule M’ of M. Indeed, we know that M is the direct limit of its finitely generated submodules
{My}aca, and direct limits commute with tensor products. Therefore,

lim(B®s My) =B®a M
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and since B is flat, B®4 M = 0 if and only if B ®4 M, = 0 for some o € A (this holds if we omit the
tensor by B and continues to hold when we tensor by B, because the natural injective map that embeds
M, into M remains injective when we tensor by B). Assume that such a module M, existed; by exercise
19, (viii) we see that B ®4 M’ = 0 if and only if f*~!(Supp(M)) = @. But, since the support of M is
non-empty (because M is non-zero) and there is at least one maximal ideal m such that m® # (1), we arrive
at a contradiction. This completes the proof of the statement.

(iv) = (v) Let M’ be the kernel of M — M sending x to 1 ® . Then, the sequence 0 — M’ inc
M — Mp is exact and since B is flat, so will the sequence 0 — M 1®incl Mp — (Mpg)p be. But, by
chapter 2, exercise 13 the mapping (Mp)g — Mg is injective, hence M} = 0, which by our assumption
yields M’ = 0 (this is also a lemma in Lang’s, Algebra).

(v) = (i) If we let M = A/a, then our assumption implies that the mapping M — Mp = B/a° is
injective. Pulling B/a® back to A yields A/a = A/a°® whence a = a°“.

B is said to be faithfully flat over A.

3.17

Given any injective map f : M’ — M (where M’, M are A-modules) and any A-module N, we observe
that
f®1l®l — (M ®N)®C — (M@ N)®cC

will be injective by the conditions of the problem and the canonical isomorphisms (M’ ®p N) ® C ~
M ®@c (Mo C),(M@gN)®C ~M®c (M @p C). But then the flatness of C' implies that f®p :
M' @ N — M ®p N is injective, and since N was arbitrary, it implies that B is a flat A-algebra.

3.18

We just repeat the hint of the book; it constitutes a full solution. By the given assumptions, B, will be
flat over A,, because flatness is a local property, and so will By over B, (because the former is a localized
version of the latter and S~'A4 is always flat over A). Therefore, By is flat over A,. We now note that the
maximal ideal of A, extends to the maximal ideal of By, hence in particular its extension doesn’t coincide
with (1). Thus, by exercise 16, we deduce that the mapping Spec(B,) — Spec(A4,) is surjective.

3.19

We have the following:

(i) It’s obvious that M # 0 if and only if Supp(M) # @ by proposition 3.8.

(ii) Let M = A in (vii).

(iii) If 0 — M’ — M — M" — 0 is an exact sequence, then so is 0 — M; — M, — M, — 0
and obviously M, is non-trivial if and only if either of M, and M, is non-trivial; this implies Supp(M) =
Supp(M’) U Supp(M"), as desired.

(iv) We see that M, = (3_ M;), = > _(M;), (to see this, just bring an arbitrary element of the right-hand
side over a common denominator) and the left-hand side is non-trivial if and only if at least one of the (AZ;),
is and this yields Supp(M) = | Supp(M;), as desired.

(v) Let a =0 in (vii).

(vi) By chapter 2, exercise 3, (M ®a N), = M, ®a, N, is non-trivial if and only if both M, and N, are
non-trivial, hence Supp(M ® 4 N) = Supp(M) N Supp(V), as desired.

(vii) We see that p € Supp(M/aM) <= (M/abM), # 0. This is equivalent to the existence of a class
T € M/aM such that Tk # 0 for all Kk € A — p, which in turn is equivalent to the existence of an element
x € M such that ak ¢ aM for all k € A —p. It is straightforward that if there exists such an z, then
p 2 a+ Ann(M). Conversely, if no element of a + Ann(M) is contained in A — p, then we see that kx ¢ aM
(where z is any element of M — aM). This completes the proof that Supp(M/aM) = V(a+ Ann(M)), as
desired.
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V111 e see that p € f™ "~ (bupp 1f and only 1 * and this 1s equivalent to an
iii) We h 1S M)) if and only if My-q # 0 and this i ival By # 0 and
Mg # 0. Hence, f*~(Supp(M)) = Supp(B) N Supp(M) = Supp(B @4 M), as desired.

3.20

We have the following;:

(i) It’s obvious that every prime ideal of A is a contracted ideal if and only if f* : Spec(B) — Spec(A)
is surjective.

(ii) Given any prime ideal g = a® of Spec(B), its image under f* will be a®®, thus q = a®® = f*(q)°.
Therefore, if f*(q) = f*(q'), then clearly g = ¢’ and f* is injective.

The converse is not true. For example, consider the situation of chapter 1, exercise 21: the mapping ¢*
is injective (in fact, it’s bijective), but the ideal q2 = (A/p) x 0 is not extended. Otherwise, there would be
an ideal a of A such that ¢(a) C g2 and then for all @ € a, a/1 = 0 in k, which yields a = 0 since A is an
integral domain.

3.21

We have the following;:

(i) By chapter 1, exercise 21 (and since ¢* is surjective onto its image) we deduce that ¢* : Spec(S~1A) —
V (ker(¢)) is a homeomorphism.

In particular (and this is obvious as well), the image of Spec(Ay) is the basic open set X .

(ii) To see that S=1f* : Spec(S™'B) — Spec(S~1A) is the restriction of f* on S™'Y we just need
to observe that S~!f* by definition maps f(S)~'q € Spec(f(S)™'1B) to ST f*(f(S) 1)g = S71f*(q) €
Spec(S~1A), hence the result after the restrictions described in the exercise. The fact that S™'Y = f*(S71X)
is a corollary of the previous observation and the surjectivity of f*, established in (i).

(iii) This follows directly from questions (ii) and (iii) and the obvious fact that q 2 b is and only if

—%

f(a)2a

(iv) By the previous questions we readily obtain

J*7H(p) = Spec(B,/pBy).

What now remains to be shown is that
Spec(By /pBy) = Spec(k(p) ®4 B),

where k(p) is the residue field at p. We know from the hint of exercise 16 that B, /pB, ~ (A, /p°) ®4 B, but
since Ay is a local ring, the only possible contraction p¢ of p is m, the maximal ideal of A,. This completes
the proof, since k(p) = A, /m.

3.22

We see that the canonical image of Spec(A,) in Spec(A) is the set of all ideals contained in p; but that’s
exactly the intersection ﬂf@ X of all open neighborhoods of p in Spec(4).

3.23

We have the following:

(i) IftU = Xy = X, then Ay ~ A, (by the obvious mapping a/f™ + a/g"), and this in particular implies
that A(U) is well defined and depends only on U.

(i) If X4 = U’ C U = Xy, then we know that implies 7(f) = r(g), hence there is n € N such that
g" = uf for some u € A. Choose the minimal such n. This choice induces a restriction homomorphism
p: A(U) — A(U’) defined by a/f™ — a/g™" and the map is wellOdefined by the minimality of n € N and
depends only on U and U’.

n
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(iii) It’s obvious, by definition, that p |yy=idy.

(iv) It’s obvious, by definition, that U 2 U’ 2 U” implies pyy» = pyru» © puyr, hence the given diagram
is commutative.

(v) Consider the homomorphism

o: P Ay — A,
fépa
defined by Ma))
a a
O((+5) fgp.,0,0,...) = !

I (ILf)
where we include only the non-zero terms in the product above.

We observe that the map is surjective (this is obvious). For any element of the domain that is sent to
0/1 € A, there is s ¢ p such that

s H ap=0¢€p
I
and this implies that for at least one f ¢ p, ay € p. This implies that fa—ff belongs to the ideal generated by
elements of the form J?—; — (af/,% (notation as in the problem itself); just let f, f be units (in which case

n=1) and let a’ = af/(f™ —1). Conversely, it’s obvious that any element of this form will belong to the
kernel of the map ker ¢. By the first isomorphism theorem,

@ Af/ker¢ ~ A,.
T épa

But the left hand side is merely the direct limit of the A(U) = Ay; this completes the proof and establishes
that

lim A(U) = A,.

Uspa

3.24

This result follows by the property of quasi-compactness (every open cover has a finite subcover) that Spec(A)
enjoys. If {U;}1<i<n is a finite subcover of {U,};cs, then we observe that there is s such that s = sq1, s2
in A(U; NUs), and inductively, if s = s1,82,...,8, in A(Uy,Us,...,U,), then s = s,41 will coincide with
81,82,y 841 in AU NUaN ... Upy1) and we can construct a global s by this inductive procedure.

3.25

We reproduce the hint of the book; it constitutes a full proof. Let p be a prime ideal of A and let k = k(p)
be the residue field at p. Then, by exercise 21, the fibre h*~1(p) is merely the spectrum of (B®4 C) @4 k ~
(B®ak)®k (C®4k). Hence, p € h*(T) if and only if (B®4 k) Qk (CR)AE) #£ 0 if and only if B®4 k # 0
and C ®4 k # 0 which is equivalent to p € f*(Y) N ¢g*(Z). This completes the proof that

h(T) = 7 (Y) g™ (2).

3.26

Again, we will merely repeat the hint of the book; it constitutes a full proof. Let p be a prime ideal of A.
Then, the fibre f*(p) is, by exercise 21, the spectrum

B®a k(p) =1lim B @ k(p) = lim(Ba ®4 k(p)),

since direct limits commute with tensor products. Therefore, we obtain that p ¢ f*(Spec(B)) if and only if
f*(p) = @ if and only if B, ®4 k(p) = 0 for some o € A, which is equivalent to f%(p) = &. This shows that
p € f*(Spec(B)) if and only if p € Nf*(Spec(Ba))-
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3.27

We have the following:

(i) This follows directly from exercises 25 and 26.

(ii) We observe that p € f*(Spec(B)) if and only if there is q € Spec(B) such that p = f*(q) which is
equivalent to the existence of a € A such that p € f¥(Spec(Bq)). This establishes the desired formula

f*(Spec(B)) = fa(Spec(Ba)).

(iii) This is implies that the sets of the form f*Spec(B) where A L. Bis any A-algebra form the closed
subsets of a topology called the constructible topology.

(iv) Since the sets X, are the basis of the constructible topology (as happens with the Zariski one), we
may repeat the proof of chapter 1, exercise 17, (vii).

3.28

We have the following:

(i) Any open set X, is the image f*(Spec(Ay)) of the induced map of A — Ay given by g — g/1,
therefore it’s closed.

(ii) The space X¢ is, by definition, totally disconnected, and thus Hausdorff.

(iii) The identity mapping is indeed a continuous bijection X¢ — X¢v. Since X¢ is also compact (by
the usual definition), the inverse of inclusion will also be continuous, therefore X« is homeomorphic to Xc¢».

(iv) This follows immediately from the previous questions.

3.29

If F = g*(Spec(C)) C Spec(B) is any closed set in the constructible topology of Spec(B), then f*(F) =
(go f)*(Spec(A)) hence it’s closed in the constructible topology of Spec(A). This implies that f* is a closed
mapping.

3.30

If the constructible and the Zariski topology coincide on Spec(A), then Spec(A) is compact (by exercise 28,
(iv)) hence by exercise 11, A/ is absolutely flat.

Conversely, if A/ is absolutely flat, then by exercise 11 every prime ideal is maximal. Therefore, given
any open set X, and any point p in it, there is g, € A such that gg, =1 in A/p (of course because A/p is
a field). With this notation, g € p implies g, ¢ p, therefore

X,=V( I ()

pESpec(A)

which shows that all open sets in the topology are simultaneously open and closed. Since the constructible
topology is the minimal topology that achieves this (by exercise 28), we obtain that the Zariski topology is
finer than the constructible one. But the converse is also true, therefore the two topologies coincide. This
completes the proof.
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Chapter 4

Primary Decomposition

4.1

If an ideal a has primary decomposition, then the minimal ideals that contain a are the minimal ideals
associated with it; in particular, their number is finite (less than the number of ideals associated with a).
But the subspaces V(p), where p is minimal, are exactly the irreducible components of Spec(A) = Spec(A/a)
equipped with the Zariski topology.

4.2

If a = r(a), then a is an intersection of prime ideals by chapter 1, exercise 9, say

a:ﬂpi.

iel

Without loss of generality, we may assume this decomposition to be a minimal one, and then in particular
we'll have p; € p; if @ # j. Since the p; are prime, we'll have r(p;) = p; for each one of them. By the
minimality of the decomposition, we see that all the p; are necessarily minimal, and therefore a has no
embedded prime ideals.

4.3

Assume that A is absolutely flat and p is any primary ideal of A. Let x be any element of A — p. We see
that T # 0 in A/p and by the absolute flatness of A there is a € A such that z(az — 1) = 0 € p; in particular,

Z(az — 1) = 0. But then @z — 1 is nilpotent in A/p and therefore @z is a unit by chapter 1, exercise 1. This
implies that Z is unit and thus A/p is a field and p is maximal.

4.4

The elements of m = (2,¢) are of the form 2k + ¢ f(t), where f € Z[z], k € Z; this ideal is obviously maximal
(the quotient Z[t]/m is isomorphic to {+1}, which is a field). The ideal q = (4,t) is not a power of m; the
contrary assumption leads to a contradiction because q contains 3, which no power of m contains. However,
q is primary, as we easily see. Finally, g(x)" = 4k + tf(t), for some n € N,k € Z (which is equivalent to
g € q), if and only if g(z) = 2k + tf*(t) € m, which shows that q is m-primary.

29
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4.5

The ideals py, po are obviously prime (by exercise 8), while m is maximal because k[z1, 22, ..., z,]/m ~k, a
field. An element T of k[xz,y, z] belongs to a = p1ps if and only if:

T =2 f(z,y,2) +ayg(z,y, z) + xzh(2,y, 2) + yzp(z, Yy, 2),

for suitable polynomials f, g, h,p. This is equivalent to 7' € p; N py N m?2, establishing the desired equality.

4.6

The answer turns out to be yes, 0 has primary decomposition in C(X). For the proof, we will first need a
lemma: any non-unit of C(X) is a zero divisor (note, however, that no nonzero element of C'(X) is nilpotent!).
Indeed, if f € C'(X) is not a unit, then the set Z of zeroes of f in X is non-empty (otherwise, g = % is the
inverse of f); say xg € Z. If Z has non-empty interior, then by Urysohn’s lemma there is a map g € C(X)
such that g is 0 outside the interior of Z and 1 at some fixed point in the interior of Z; in particular, fg =0
everywhere on X, but g # 0.

If the interior of Z is empty, then X — Z is dense in X, hence f cannot be 0 everywhere in X — Z (a
continuous function is ’determined’ by its values at a set dense to its domain). Actually, Z must be closed
(since f is continuous), hence we may replace Z by Z above. Let x(, ¢ Z such that f(z}) # 0. Now, since
X is compact and Z is closed, Z will be compact too; take, for every x € Z an elementary neighborhood U

of x; we keep the (finite) number of those (™ whose neighborhoods cover Z. Now, assume that {U(™} is

)

such a cover of Z and order the set of open neighborhoods of each z(™ by inclusion and let Ui(n , 2 be any

infinite descending chain. Pick points xz(»") in Ui(n), so that z; # x; unless ¢ = j (we can do that since the

space is assumed normal). For each point, define (by Urysohn’s lemma) f.(n) € C(X) such that fi(n) is 0

outside Ui(n) (in particular at x(,) and 1 at z;. Note that the filter {xl(-n)}ig converges to (™ for all n € N
(by the very definition of compactness) and since the fi(n) are continuous fi(n)(acg")) SN (™) (for fixed
n). The product of all these maps except for one of them, say f(!); yields a map g € C(X) that has the
desired property of ¢ 20 and gf =0 on X.

We now know that the set of all zero-divisors is the union of prime ideals p1,po, ..., p, (by the fact that
its complement is saturated and chapter 3, exercise 7); note that these prime ideals are primary, of course.

Since
cXx) =
i=1

we deduce that
0=[r:
i=1

and this presentation provides a primary decomposition of 0.

4.7

We have the following;:

(i) By definition, a® = A[z]a = a[z], as desired.

(ii) This is implied by the following fact we proved in chapter 2, exercise 6: (A/a) ~ A[z]/a[z] for all
ideals a of A. This implies that if A/p is an integral domain, then so is A[z]/p[x], and therefore if p is a
prime ideal of A, then so is p[z].

(iii) Given any ring B (in particular, A[z]/q[z]), the property P: "B # 0 and every zero divisor of B is
nilpotent” is invariant under isomorphisms, therefore the identification of the previous exercise yields that
q[z] would be primary if (A/q)[z] satisfied P. But q is primary in A, therefore (A/q)[x] # 0 and given any
zero-divisor f € (a/q)[x], there is a € A/q — {0}, such that af = 0 (by chapter 1, exercise 2, (iii)). This



4.8. 31

implies, since q is primary, that all the coefficients of f are nilpotent, hence that f itself is nilpotent, by
chapter 1, exercise 2, (ii).

The only thing that is needed to complete the proof is the equality r(q[z]) = r(q)[z] = p[z], but this
follows immediately from the isomorphism of the previous question and, in particular, the identification of
their radicals (this follows again from chapter 1, exercise 2).

(iv) Certainly if
a= m qi
i=1

is a minimal primary decomposition of a C A, then alz] = (), p[z] is a primary decomposition in A[z], by
the previous questions. This will also be minimal, because the radicals of the components obviously remain

distinct and
4 2 ﬂ q;
j=1.5#i

implies

n
wle] 2 () aslal,
j=1,j#i
which completes the proof.
(v) This is obvious by the correspondence established in the previous question.

4.8

By the previous exercise, we may consider without loss of generality the case p = (x) in k[z]. It’s obvious
that p is prime and all its powers are primary (it’s a simple matter of divisibility).

4.9

If + € Ais a zero divisor, then € a = (0 : a) for some non-zero a € A and the set of prime ideals containing
a is non-empty (since a # 0); therefore, there are indeed minimal prime ideals that contain a. If p is one of
those, then = € p € D(A).

Conversely, if © € p and p is minimal in the set of all prime ideals that contain a = (0 : a) for some
a € A, then z is contained in all prime ideals that contain a, therefore, € r(a). This implies that there is
a minimal n € N such that 2" € a, hence (2" 'a) = 0 and 2" 'a # 0, by the definition of n; this means
that x is a zero-divisor.

We see that p € D(S™1A) is equivalent to p = S~!q for some q € Spec(A) that doesn’t meet S. But
then, since S™1(0:a) =0: S~ la, and q is a necessarily a prime ideal, we deduce the desired equality:

D(S7'A) = D(A) N Spec(S~1A).

The fact that D(A) is the set of ideals associated with 0 (in case, of course, 0 has primary decomposition)
is obvious; it follows from the first Uniqueness Theorem and proposition 4.7.

4.10

From the definition of S, (0), it is clear that S,(0) = {z € A : there is some k € A — p such that 2k = 0}.
We thus have the following:

(i) If € Sy(0), then 2k = 0 € p and since k ¢ p, we must have = € p. Therefore, S,(0) C p.

(ii) If r(Sp(0)) = p and p’ C p, then choose = € p such that = ¢ p’. Then, there is k ¢ p (in particular,
k ¢ p’) and n € N such that 2™k = 0 € p’. But since neither 2™ nor k are elements of p’, this is absurd.
Therefore, p is minimal.
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Conversely, by exercise 11, S,(0) is a primary ideal, hence its radical will be prime. But, if 7(S,(0)) C p
and p is minimal, we must have r(S,(0)) = p.

(iii) This is obvious from the definition of S, (0).

(iv) This part of the exercise doesn’t hold unless 0 has primary decomposition (or, at least, holds vacu-
ously). In case 0 does have primary decomposition, then by exercise 9 D(A) is the set of prime ideals that
belong to 0 hence the equality

0= () S 0).

peD(A)

4.11

First of all we claim that S, (0) is primary. Indeed, let zy € S,(0), which means there is k ¢ p such that
k(zy) = 0. If y ¢ S,(0) (in particular, ky # 0), then x/1 is a zero divisor in A,. But since p is a minimal
prime ideal, there are no prime ideals in A, other than the unique maximal ideal m, hence R4, = m and
the set of zero-divisors (generally a union of prime ideals) also coincides with m. We deduce that /1 is in
fact nilpotent, and this means that 2™ € S,(0) for some n € N. Therefore, S,(0) is primary.

Now we will show that S, (0) is contained in all p-primary ideals. Indeed, if q is p-primary, then q C p,
hence if z € S,(0), with kx = 0 € q (where k ¢ p, hence in particular k ¢ p) then if x ¢ S, (0) we would have
k™ € S,(0) (for some n € N) hence £k € p, which is absurd. Therefore, = € q and thus S, (0) C q, as desired.

Exercise 10, (ii) now guarantees that S,(0) is p-primary. Note that the above conditions imply that

Sp(0)=q1Ng2N...qn,

where q;,1 < i < n are the p-primary ideals of A.

This fact implies that a, as defined in the exercise, is contained in all the prime ideals of A (since it’s
contained in all p-primary ideals, in particular in p), therefore it’s also contained in their intersection, the
nilradical of A.

The last part of the problem follows easily:

0= ﬂ qi,

r(qi=pi)

where the intersection runs over all the minimal ideals of A (and note that this is a minimal primary
decomposition), if and only if all the prime ideals associated with 0 are minimal, which means that 0
contains only isolated ideals.

4.12

By definition, S(a) = (S~'a)¢. We thus have the following (we use freely the results of chapter 1, proposition
1.18):

(i) S(a)NS(b) = (Sta)* N (S71b)¢ = (S~ Hanb))® = (S~ tan S71b)¢ = S(anb), the last equality
following from the commutativity of the S~! functor with most reasonable operators.

(ii) This second result follows similarly since all the operators commute.

(iii) We see that S(a)¢ = (1) if and only if S~'a = (1), and that’s equivalent to a N S # @.

(iv) The last property follows from the canonical identification ¢ : S; (S5 *A) — (S152) ' A given by
(a/s1)/s2 +— a/s1s9. This is, in fact, an isomorphism and yield the desired result.

If a has a primary decomposition and S is any multiplicatively closed subset of A, then

S(a) = ﬂ i
i=m-+1

where g;, 1 < i < n, are those primes associates of a whose radicals don’t meet S (by proposition 4.9).
Therefore, the number of discrete sets if the form S(a) is at most 2"™; in particular, it’s finite.
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4.13

(i) Notice that by exercise 4.11, the ideal S, /,»(0) is primary in A/p", because 7(p™) = p, hence p is a
minimal prime over p™. Contracting Sy, /,=(0) to A, yields that A is p-primary.

(ii) Since p is minimal over p, this follows from corollary 4.11.

(iii) Since p is minimal over p(™p(™ corollary 4.11 yields again that S,(p™p(™) is the p-primary
component of p™p(™ . Tt remains to be shown that p(m*?) = S, (p(™)p(")). We easily observe that p™ " =
pmp™ € pmp(™ implies p(m ™) C S, (p(Mp™).

Conversely, let z € Sy (p(™p(™). Then, there exists s € p such that sz = 3 z;y;, with ; € p(™),y; €
p(™. So, in turn for each i there are s;,t; € Sy such that s;z;p™,t;y; € p™. Then,

s(I[sn( Ttw)z = s Ttx) D wiwi € pmp™ = pm*,

therefore z € S, (p™*+") = p(™+™)S. This completes the proof.
(iv) If p(™ = p”, then p” is primary, by question (i). Conversely, if p” is primary, then p™ = p” is a
primary decomposition of p”, and its p-primary component p” is equal to p{™, by question (ii).

4.14

If p is prime, then it’s obviously going to be a prime ideal associated with a. Without loss of generality, assume
a = 0, by passing on to A/a (note that if the image p of p through the natural projection 7 : A — A/a is
prime in A/a, then its contraction p will be prime in A). Now, assume that p = (0 : ) = Ann(z). Given
a ¢ Ann(z), we notice that Ann(x) = Ann(ax), since Ann(z) C Ann(azx) and Ann(z) is maximal among
annihilators of elements of A. But then, if yz € Ann(x), and y ¢ Ann(z), we would have Ann(zy) = Ann(z).
The equation 0 = (yz)x = z(zy) implies z € Ann(zy) = Ann(x). Hence, p = Ann(zx) is prime and this
completes the proof.

4.15

Assume that the primary decomposition of a is
a=q1MNgqz---MNdn,

where r(q;) = p; and p1,p2,. .., pm constitute the isolated part of a (these are minimal). It’s easy to observe
that the set of all such f’s (with the notation of the problem) is exactly the set (4, N qma1 - Ndn) — (g1 N
q2 - - -Ngm—1) and thus qs; = Sy¢(a) by proposition 4.9. The second equality Sy(a) = (a: f™) follows directly
from the selection of f.

4.16

By proposition 4.9, any ideal of the form S~'a has primary decomposition

m

S7la=()S""a;

i=1

if
a= ﬂ qi

i=1

and p1,Pa2,...,pm (7(q;) = p;) are the primary ideals belonging to a that don’t meet S. But all ideals of

S~1A are of this form for some a that doesn’t meet S, so in particular all ideals of S~'A will have primary
decomposition if all ideals of A do.
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4.17

We will essentially repeat the hint of the book; it constitutes a full solution. Let a be an ideal of A and let p;
be a minimal prime ideal that contains a. Then, by exercise 11, q; = Sy, (a) is pi-primary and q; = (a : z)
for some x € A — py. Now, certainly a C q; N (a + (x)); conversely, if y = a + tz € a + (z) also belongs to
q1, then reducing modulo p1, we obtain tz = 0 in A/p1, hence (given = ¢ p1) t € p1 =r(q1) = (a: x), hence
tx € a, which means a + tx € a. Therefore, a = g1 N ((a) + (z)).

Now let a; be a maximal ideal of the set of ideals b that contain a and satisfy a; N'b = a and choose
a; so that x € a; hence a; g_ p1. Repeating the construction with a; and so on yields (at the nth step)
a=q1Ngz2N...q, Na,, where the q; are primary ideals and a,, is maximal among the ideals b that contain
4p—1 = ay Nqy. This implies that a = g1 Ng2N---N g, Nby,, and a, & p,,. If at any stage we have a,, = (1),
then the process stops and a is the finite intersection of primary ideals. Otherwise, the process continues to
yield new ideals and, as n — o0, a,, becomes ’arbitrarily small’, in the sense that a,_1 C a,.

4.18

We have the following:

(i) = (ii) If every ideal a has primary decomposition, then the number of ideals of the form S(a), where
S is a multiplicatively closed subset of A, is finite (by exercise 12), therefore A satisfies property (L2). A
also satisfies (L1); for the proof of this, note that S C S’ (where S, 5" are multiplicatively closed subsets of
A) implies S'(a) C S(a), hence if S; 2 So D -+ D S, implies Si(a) D Sz(a) 2 -+ D Sy (a) and any such
decreasing sequence has S¢(a) as a lower bound (we adopt the notation of exercise 15 here; we can always
pick a suitable f, according to the solution of that exercise). Therefore, by Zorn’s lemma, it must terminate
and this completes the proof.

(ii) = (i) Conversely, if A satisfies (L1) and (L2), then a is the intersection of a possibly infinite number of
primary ideals by exercise 17. With the notation of the proof of exercise 17, S,, = Sy, N---N S, necessarily
meets a,, (since a, € p, = A — Sy, ), therefore S, (a,) = (1), hence S,(a) = g1 N--- N qy. This implies
that {Sy, }nen is a decreasing sequence of multiplicative subsets of A. By property (L2), this sequence must
terminate and then a,, = (1), which implies that a has a primary decomposition, as desired.

4.19

The first part of the problem follows from the second paragraph of problem 11. For the second part, we will
merely repeat the hint of the book; it constitutes a full solution and an elegant one at that. We will proceed
by induction; for n = 1, the statement is trivial, because p; is obviously a p;-primary ideal. Assume that
the result holds for n — 1 and let without loss of generality p,, be maximal in the set {p1,p2,...pn}. By our
inductive hypothesis, there is an ideal b and a minimal decomposition b = q; N g2 N --- N g,—1, such that
each q; is p;-primary. If b C S)p,,(0) and p were any minimal ideal contained in p,,, then S, C S, (0), which
implies b C S,(0). Taking the radicals of both sides yields g1 Mgz N--- N gp—1 C p, hence p; C p, for some
1 < ¢ < n by chapter 1, hence p; = p by the minimality of p. But this is a contradiction, since p may be
minimal, but no p; is supposed to be. This implies that b € S, (0) and therefore there is a p,-primary ideal
qn such that b % qn. This implies that a = b N g, has associated prime ideals exactly the {p1,p2,...,pn},
and this decomposition is minimal; this completes the inductive step and the proof.

Primary decomposition of Modules

4.20

We observe that © € rp(N) if and only if M C N for some positive integer ¢; this is equivalent to
x € (N : M) and 27 € Ann(M/N), which yields that

ry(N)=r(N: M) =r(Ann(M/N)).
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In particular, rp/(N) is an ideal.
Now the formulas analogous to (1.13) can be easily generalized and proved in the case of ;.

4.21

It’s easy to show that if the module @ is primary in M, then (Q : M) is a primary ideal of A, hence r3/(Q)
is a prime ideal p (the proof is exactly the same as in the case of ideals). Similarly, we can show the analog
of lemma (4.3): if the modules 9Q;, 1 < i < n, are p-primary in M, then so is their intersection as well as the
analog of lemma (4.4): Let @ be a p-primary module in M and x an element of M. Under these conditions:
(i)ifx € @, then (Q:2)=M
(ii) if z ¢ @, then (@ : x) is p-primary, and therefore r(Q : ) = p

4.22

Again, the proof that in a minimal decomposition

of modules the ideals p; = 7/ (Q;) depend only on N, follows closely the proof for the special case of ideals.

4.23

As before, propositions (4.6)-(4.11) inclusive can be shown using exactly the same arguments that are used
for the special case of ideals; these proofs are given in the book.
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Chapter 5

Integral Dependence and Valuations

5.1

Any prime ideal g of f(A) will be of the form f(p), where p = q° is prime in A. The integrality of B
over f(A) implies, by theorem 5.10, that any prime ideal of f(A) can be decomposed as q N f(A); the
converse, namely that any ideal of that form is prime, is also trivially true. Therefore, if V' (b) is any closed
subspace of Spec(B), then f*(b) = V(b¢) which is closed in Spec(A). This shows that the induced mapping
f* : Spec(B) — Spec(A) is a closed mapping.

5.2

We can factor f: A — Q through the natural projection map w : A — A/p, where p = ker f is prime
(it’s the contraction of the prime ideal (0) of 2) and then through the inclusion of the integral domain A/p
into its field of fractions K(A/p) and the inclusion of that into € (obviously K (A/p) will be a subfield of
). On the other hand, by the Lying-Over Lemma, there is a prime ideal q of B, whose contraction in A is
p and moreover B/q is integral over A/p. Embedding B/q to its field of fractions K(B/q), we obtain that
L will be algebraic over K; this is so because B/q is integral over A/p. Now it suffices to extend the map
K(A/p) — Q to K(B/p) — Q.

This is done in the standard fashion, as follows: if k¥ € K(B/q), let p € K(A/p)[z] be the minimal
polynomial that vanishes at k; this induces a polynomial h(x) € Q[z] by pushing the coefficients into 2 via f.
This polynomial has a root, denote it by f(k) (its the image of k under the extended map f : K(B/q) — Q).
Note in particular that f remains injective (it’s the extension of the final inclusion map).

We repeat the process and thus produce a collection {(E, f) : K(A/p) < E < K(B/q), f |x A/p = f} to
which we can extract a maximal element by a Zorn’s lemma-type argument; call its domain Ey. We claim
that Eg = K(B/q). Indeed, K(B/q) is algebraic over Ey, so if the inclusion were strict, then we would be
able to extend fp, to Eo(k), where k € K(B/q) — Eo, a contradiction. This completes the proof.

5.3

Since the integral elements of a ring over a subring constitute a ring (corollary 5.3) and the generators
of B’ ®4 C are the elements of the form b ®4 ¢, we merely need to show that V' ® 4 c is integral over
(f®a1)(B'®4 C). Indeed, if i/ € B’ satisfies the following integral equation over f(B):

O™+ fbn—1)b" 1 4 f(b1)b + f(bo) =0,
then we observe that b’ ® 4 ¢ satisfies the equation
(' @a0)" + (fbp-1) @)V @) 4+ (f(b1) @ ®a¢) + f(b) ®ac™ =0

over (f ®4 1)(B' ®4 C); this completes the proof.

37



38 CHAPTER 5. INTEGRAL DEPENDENCE AND VALUATIONS
5.4

We merely repeat the counterexample constructed in the hint; consider the subring k[z? — 1] of k[z], where
k is a field, and let n = (x — 1). Then, the restriction m of n to A is (2 — 1). Were B, integral over A, the
elemen i

gmx _1)
=0
:E+1 +Zk (22 = 1)(z + )™ ’

where the k,, are polynomials in 22 — 1 that don’t vanish at +1 . Multiplying both sides of the equation by
(x +1)""! and then letting z = —1 yields a contradiction.

9.9

We have the following:

(i) Assume that u € B is the inverse of x € A and let u" + a,—1u™" " 4+ -+ + ap = 0 be the equation
over A that u satisfies. Multiplying both sides by 2"~ ! yields u = —(an_1 + an_2z + -+ +ag X" 1) € A, as
desired.

(ii) If m is a maximal ideal of A, then Theorem 5.10 implies that there is a maximal ideal e of B such
that m = e N A; the converse, namely that any ideal of such form will be maximal, is obviously true. This
clearly yields that J4 = B N A, as desired.

5.6

int.
If By, Bs,..., B, are all integral A-algebras, with corresponding mappings f; — A, then f;(A) C B and

therefore given any x; € B;, f;(A)[x] is a finitely generated B;-module. This implies that, (f1(A)[z1], f2(A)[z2],. ..

is a finitely generated A-module (the number of its generators will equal at most the sum of the numbers of
generators of the f;(A), which is finite). Therefore, [ B; is an integral A-algebra, as desired.

5.7

Assume that B — A is multiplicatively closed, but A is not integrally closed in B; let C' then be its integral
closure in B. Given any element y € C' — A, let n be the minimal degree of all polynomials in A[z] that y
satisfies; note that n > 2, since y ¢ A. Then, if y™ +a, 19" '+ ---+ag = 0, where a; € A for 0 < i < n,
we observe that

Y a1y P+t ar A,

by the minimality condition on n and since y ¢ A, we obtain
YW a1y ) € A,
by the multiplicative closure of B — A. However,
Yy F an1y" P4+ ar) = —ag € A,

which is absurd. Therefore, A is integrally closed in B.

5.8

We have the following:

(i) We will merely repeat the hint of the book; it constitutes a full proof. Let L O B be a field in
which f, g split into linear factors; say f = [[(x — &),9 = [[(z — n;). Then, the roots &;,n; are integral
over C, hence so are the coefficients of f, g (because the integral closure of A is a subring of B). Since the

s f2(A)[a
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coefficients also belong to B, they must necessarily belong to C' (because it’s integrally closed in B) and thus
f € Clx],g € Blx].

(ii) In this case, the only thing that needs to be shown is that there exists, in fact, a field extension of the
general ring B, in which f, g split into linear factors. We will just sketch the construction, which is identical
to the one for fields. For that, we will perform induction on the degree of f. If deg(f) = 1, the claim is
true. Assume it holds for some degree n and consider the ring D = BJ[t]/(f), where (f) is the principal ideal
generated by f in B[t]. Then, we can embed B[t] naturally into D, by mapping any h(t) € Blt] to its class in
D. In particular, the image ¢ of ¢ € BJ[t] will be a root of f in D, hence f(z) = (z —t) f1(z). The polynomial
f1(z) will have degree n — 1 and by our inductive hypothesis it will split into linear factors in some extension
E of D; by the relation f(z) = (z —t)f1(z), so will f. This completes the proof.

5.9

Again, we will merely repeat the hint of the book, which constitutes a full proof. Let f be integral over A[z];
it will satisfy a relation of the form:

g fm" e+ gm =0,

where the g; are elements of A[z], of course. Then, let r be a positive integer greater than the degrees of all
the g; and m; put f; = f — 2", so that

(f+2)" +a(fi+2") ™"+t gn =0,

or rather
P i = 0

here, h,, = (") 4+ g1 (z")" 4 + g € Alz]. This implies that fi(fi* ' +hifi" 2+ +hp_1) € Al
and thus exercise 8 implies that f; € C[z]. Since f was an arbitrary integral element of B, this deduction
shows that C[xz] is the integral closure of A[x] in Blx], as desired.

5.10

Under the conditions of the problem, we have the following:

i

)

(a) = (c) If f*: Spec(A/p) — Spec(B/q) is a closed mapping, then given p = q¢ as in (c), the closed
set Spec(A/p) = V(p) will be identified with the closed set V(p¢) = V(q) = Spec(B/q).

(b) = (c) If p C n inside Spec(A/p), then, the going-up property is equivalent to the existence of m that
contains g = p°, such that m® = n, or equivalently f*(m) = n, or equivalently f* : Spec(A4/p) — Spec(B/q),
or equivalently to the surjectivity of f*.

(¢) = (b) Since we can obviously reduce the proof of the going-up property to the case of a chain of
ideals of length 2 (as in its proof in the book), the argument above shows this direction too.

i)

(a’) = (c¢’) This is the dual of the ’(a) = (b)’ statement above; we can thus prove it in exactly the same
fashion, reversing the arrows and substituting Spec(B/q), Spec(A/p) with Spec(By), Spec(A,) respectively.

(b’) = (¢’) This is the dual of the ’(b) = (c)’ statement above; we can thus prove it in exactly the same
fashion, reversing the arrows.

(¢’) = (b’) This is the dual of the ’(c) = (a)’ statement above; we can thus prove it in exactly the same
fashion, reversing the arrows.

5.11

Since f : A — B is flat, the induced map f* : Spec(By) — Spec(Ay) is surjective (where q is a prime ideal
of B and p is an ideal of A that lies over it in A), by chapter 3, exercise 18. Therefore, by exercise 10, f has
the going-down property.
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5.12

It’s obvious that A is integral over A%; for, given a € A, a is a root of the monic polynomial P(zx) =
[I,cc(z — o(a)). We see that P(z) € A%[z], since any automorphism of G acts as the identity on it, hence
every coefficient must belong to A%,

The obvious extension of the action of G on A to an action on S™1A is given by o(a/s) = o(a)/o(s), for
every o € G. Note that this is well-defined by the o(S) C S condition.

Finally, given any element a/s € (S7!A)Y, we define a map ¢ : (S71A)¢ — (S¥)~1AY by letting
a/s — X(a)/X(s), where ¥ = g1 003 0--- 00, (we assume G = {0;}1<i<n). We see that this map is well
defined (X(aX(s)) being stable under G), and it’s furthermore surjective (any element a/s gets hit my its
image) and injective (because of our definition of ¥, we will have ¥(a/s) = X(a)/X(s), whence injectivity).
This completes the proof that ¢ is an isomorphism.

5.13

Let py,p2 € P and let x € p;. Then,

II o@) € ()1 0 A%) =,

ceG

since id € G and [[, o(x) is invariant under G, hence o(z) € po for some o € G. Therefore,

1 C U U(p2)’

oceG

which implies that p; C o(p2), for some o € G (since the o(ps) are prime). But since A is integral over AY
(by the previous exercise), and py,o(p2) both contract to p, they must coincide, by (5.9). This implies that
G acts faithfully, as desired.

In particular, the set of ideals that contract to p is finite.

5.14

Note first of all that G is be a finite group (its order is equal to the degree of the extension L/K). It’s

obvious that B C o(B), since id € G. Conversely, if b € B, then o(b) € B, since o(b) € L is necessarily

integral over A (since it’s the identity on K, by the definition of the Galois group). Therefore, o(B) = B.
Now, obviously AsubseteqB, and if b € BY, then b satisfies the following monic polynomial in K [z]:

[ @ - o).

ceG

which implies that b is integral in K over A, hence, since the integral closure of A in K is itself, we conclude
that B¢ C A, hence the two sets are equal, as desired.

5.15

We distinguish two cases, as in the book’s hint. If L is a separable extension over K, then we may embed it
in a finite normal separable extension NV of K. In this case, the tower K C L C N of fields yields that the
number of prime ideals q of B which contract to p in B® = A (this last equality is true by exercise 14) is
finite, by exercise 13. In the case L is purely inseparable over K, then any ideal q of B such that gN A =p
is in fact equal to the set {x € B : 2P" € p for some m > 0}. Since q is uniquely defined in this case, we see
that the induced map is bijective. Hence all fibres have one element; in particular, they are finite.

Noether’s normalization lemma
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5.16

We will merely repeat the hint of the book; it constitutes a full proof. For this reason, we also assume that
k is infinite. Let z1,x9,...,z, generate A as a k-algebra. By renumbering the x;’s, if necessary, we may
assume that x1,xo, ..., z, are algebraically independent over k and each of the z,.11, ..., z, are algebraic over
klx1,2,...,x.]. Now we apply induction to the difference n—r; if n = r, then there is nothing to be shown,
so assume that the proposition holds for n—1 generators and n > r. In this case, the generator x,, is algebraic
over k[x1,...,x,_1], hence there exists a polynomial f with coefficients in k such that f(x1,x9,...,2,) =0.
We may of course assume that the homogeneous part F' with the largest degree d of f is monic in the last
argument (x, ), because, since k is infinite, there are A1, Aa,..., A\,—1 € k such that F(A,\a,...,1) # 0,
and this will be the coefficient of z,, in F' so we may divide by it. Putting =} = x; — \;z,,, we obtain from
F a monic polynomial in k[z], 5, ..., 2),_;] that vanishes at x,, hence A = k[z1, za,...,z,] is integral over
A" = k[zy,xh,...,2),_1]. Now the inductive hypothesis yields y1,y2,...,yr—1 such that A’ is integral over
the k-algebra they generate, hence putting v,. = x,,, we obtain the desired result.

From the proof it now follows that we may choose the y; to be linear combinations of the x;. If k is
algebraically closed and X is an affine algebraic variety in k™ with coordinate ring A # 0, then there exists
a linear subspace L of dimension 7 in k™ and a linear mapping k"™ — L, which maps X onto L (we begin
with the natural surjective map X — L and extend it using exercise 2, to a map k™ — L).

Nullstellensatz, weak form

5.17

We will merely reproduce the hint of the book; it constitutes a full proof. Let, under the conditions of
the problem, A = k[t1,to,...,t,]/I(X) and note that A is a non-empty finitely generated k-algebra. By

Noether’s normalization lemma (exercise 16), there is a linear subspace L = k[y1, yo, - . ., y| of dimension at
least 0 in k™, and a mapping of X onto L. In particular, X # &, as desired.
We will now derive that every maximal ideal of A = k[t1,ta,...,t,] is of the form m = (¢; — a1,t2 —

as,...,tn — ay). Let m be a maximal ideal of A and let V;; be the variety it defines. Then, if I(V},) is the
ideal of that variety, the strong Nullstellensatz implies that I (V) = r(m) = m # (1); the previous statement

implies Viy # @. If (a1, a2, ..., a,) € Vi, then the previous relation implies that m C t1 —aq,ta —asg, ..., t, —
ap), which is absurd, lest m = (¢t — ay,t2 — as, ..., t, — a,). This completes the proof.

5.18

Let 21,29, ...,x, generate B as a k-algebra. We will proceed by induction on n. If n = 1, then the result

is obvious since B is a field. Therefore assume n > 1 and that the result holds for n — 1 generators. Let
A = k[z1] and let K = k(z1) be the field of fractions of A. Then, by the inductive hypothesis, B is a
finite algebraic extension of K, therefore, the generators x — 2, x3, ..., x, satisfy monic polynomial algebraic
equations in K; the coefficients of those polynomials will be of the form a/b, where a,b € A. If f is the
product of all the denominators b, the z2, x3,...,z, are all clearly integral over A;. Hence B and therefore
K are integral over Ay.

Now if 21 were algebraic over k, then, since A is a Unique Factorization Domain, A is integrally closed (if
p is a prime ideal in A, then unique factorization implies in particular that no prime ideals ¢ in the integral
closure of A could be such that ¢N (1) = p, which happens by Lying Over in the case A is not closed). Hence
Ay is also integrally closed and therefore Ay = K, an absurdity. Therefore, 2, is algebraic over k, hence K
(thus B, too) are algebraic over k. We conclude that B is a finite algebraic extension of k, as desired.

5.19

We already used the Nullstellensatz in our solution of exercise 17.
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5.20

Let S = A—{0} and let K = S™'A be the field of fractions of A. Since B is a finitely generated algebra over
A, we may write B = A[by, ba, ..., by], and this implies that S~ B = K[by,ba, ..., by] is a finitely generated
algebra over K. By the Noether Normalization Lemma, there exist y1/s1,¥2/52,--,Yn/Sn € ST1B that
are algebraically independent over K and are such that S™!'B is integral over K[y1/s1,y2/82, -, Yn/Sn]-
It’s now easy to see that yi,%s,...,y, are algebraically independent over K and S™!B is integral over
Kyi,vy2,-..,Yn]. The fact that by, bs,...,b,, € B C S~!B are integral over K[y1y2,...,y,] implies that
there are equations

ri o, Q(i,1) Aliry)

Dk = =0,
where a(; jy € B' = Aly1,y2,...,ys] and s € S for all 1 < i < m (note that we can reduce all the
denominators to the same s € §). Clearly, the above equations imply that b1, be, ..., b, are all integral over
B!. We conclude that B, is integral over Bi, as desired.

5.21

With the notation of exercise 20, we may first extend f to all of B’ e.g. by sending y; — 0, then to B,
since f(s) # 0 and finally to Bg, by exercise 2.

5.22

We will merely repeat the book’s hint; it constitutes a full proof. Assuming that J4 = 0 and given any
v € B, we wish to construct a maximal ideal of B that doesn’t contain v. By applying exercise 21 to the
ring B, and its subring A (we use the usual embedding A — B, and this is injective, because A is an
integral domain) we obtain an s € A — {0} such that, if  is an algebraically closed field and f: A — Q
doesn’t vanish at s, then f can be extended to a homomorphism B — 2. Let m be a maximal ideal of A
such that s ¢ A, and let Kk = A/m be the residue field. Then, the canonical projection A — k extends to a
homomorphism g : B, — Q, where € is the algebraic closure of k (this follows, of course, by the was s # 0
was chosen). By proposition 5.23, g(v) # 0 and n = ker(g) N B is necessarily a maximal ideal in B (since
ker(g) is maximal and ¢g* is always a continuous map). The ideal n we constructed doesn’t contain v, and
this completes the proof.

5.23

We have the following:

(i) = (ii) Let f : A — B be a surjective homomorphism; then all the prime ideals of B will be given
by intersections of maximal ideals of (since f* : Spec(B) — Spec(A) is continuous and maximal ideals
correspond to closed sets). This implies that the nilradical of B is contained in its Jacobson radical, and the
converse is always true. Thus Rp = Jp in every homomorphic image of A.

(ii) = (iii) Let p be any prime but not maximal ideal of A and let B = A/p (which is of course a
homomorphic image of A under the natural projection). Then, the Jacobson radical of B will equal the
nilradical of B, which is 0. Since the Jacobson radical of B is merely the intersection of the images of all
maximal ideals of A that contain p strictly, we may pull back to A, to obtain that p is equal to the intersection
of all prime ideals that contain it strictly (we substituted mazimal by prime because we are considering only
the intersection of the ideals involved).

(iii) = (i) Assume that there is a prime ideal p of A, which is not the intersection of maximal ideals, and
let B = A/p. Then, B is an integral domain and its zero ideal is not the intersection of maximal ideals; in
particular, its Jacobson radical is nonzero. Pick f # 0 a non-zero element of Jp. Then, By is a non-zero
ring, since f is nonzero and if m is any maximal ideal of By, then ¢ = m N B is a prime ideal of B, which,
however, is not maximal (otherwise f would be an element of q). Moreover, by this construction, every
prime ideal of B that meets g, also meets the multiplicatively closed set {f"},>0, and so contains f. This
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mean that f is contained in the intersection of all ideals that contain g strictly. But condition (iii) implies
that q is equal to the intersection of all maximal ideals that contain it strictly, a contradiction, as desired.

5.24

We have the following:

(i) If B is integral over A, then passing to A/R4, we may assume that 84 = J4 = 0. Now, by integrality,
I =ANJa, hence Ry C Jg = 0 implies Jg = Rp, or that B is a Jacobson ring, as desired.

(ii) If B is a finitely generated A-algebra, then by passing to A/ 4, where R4 is the nilradical of A, we
may assume that R4 = Ja4 = 0. Then, exercise 22 yields that R C Jp = 0, hence B is Jacobson too, as
desired.

In particular, every finitely generated ring and every finitely generated algebra over a field is a Jacobson
ring.

5.25

We have the following:

(i) = (ii) Without loss of generality, we may assume that A is a subring of B (since if BN A C A is finite
over A, then so will B be, since as a field it is a finite algebraic extension of A). Applying exercise 21 yields
some s € A such that if f: A — Q is a homomorphism which doesn’t vanish at s, then f can be extended
to a homomorphism B — . There exists a maximal ideal m of A such that s ¢ m and the canonical
projection A — A/m = k extends to a map g : B — €, where € is the algebraic closure of k. Since B is
a field, g is injective and g(B) is algebraic over k, hence finite algebraic over k, by the Nullstellensatz. But
B ~ g(B), which completes the proof.

(ii) = (i) Let p be a prime ideal of A which is not maximal, and let B = A/p. Let f be a non-zero
element of B; then, By is a finitely generated A-algebra (since B is). If it were a field, then it would be
finite over B, hence integral over B, hence B would be a field by the Nullstellensatz, a contradiction. Thus
By is not a field and therefore it has some proper prime ideal p. It’s contraction in B is a non-zero ideal p’
such that f ¢ p’. Since f € A —p was arbitrary, we conclude that the intersection of all maximal ideals that
contain p is contained in p and this obviously implies the equality of the two sets.

5.26

First we prove the topological equivalences:

(1) = (2) Since E is closed, EN Xy C E. Conversely, if z € F, then any open neighborhood U of x
meets F N Xy (it meets F at « and since U = U N {z}, it also meets Xy). This implies € F N Xy, hence
the desired equality.

(2) = (3) The map U — U N X is surjective, by the definition of the subspace topology, and it’s
surjective, because Uy N X = Us N X, implies Uy — Uy = (U — Uz) N X = @.

(3) = (1) If the above map is bijective, then we easily see that for every proper open (resp. closed)
set G (resp. F) GN Xy # &, X (resp. FN Xy # @,X). Therefore, if L = F NG is any locally closed
subset of X, then the proper subspace U N Xy of U, locally satisfies condition (3), therefore in particular
the intersection of the set (F N U), which is closed in U, with U N X is non-empty. But then we have
@ # (FNU)N(UNXy) =L, and this yields the desired result.

A subset X of X that fulfills these conditions is called very dense.

For the algebraic equivalences, we have:

(i) = (ii) Let L be any locally closed set in Spec(A). This can be precisely characterized as the set of
prime ideals of A that contain some fixed ideal « of A but do not contain some fixed a € A. Passing on to
A/, we may assume that a = 0. Since A # & (this is where the condition f ¢ p for all p € L comes in), A
will have a maximal ideal m, Pulling back to our original A, we see that m € L and this implies that the set
of all maximal ideals of A is very dense in Spec(A).
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(ii) = (iii) This direction is obvious, since the single point-set must meet the set of all maximal ideals,
which are of course the closed points in Spec(A).

(iii) = (i) Let p be any prime ideal which is not maximal; this will correspond to a point in Spec(A4),
which, as a set, is not closed. The intersection of all maximal ideals of A that strictly contain p also contains
p. If the converse were not true, then there would be a non-empty set F' C A such that F' is contained in
any maximal ideal m of A which contains p, but F' is not contained in p. But then, {p} in Spec(A) would
be equal to the locally closed set Xz N p, which, since it consists of one point only, should be closed, an
absurdity. This shows that A is Jacobson, as desired.

Valuation rings and valuations

5.27

Since intersection of sets is associative, a typical Zorn’s lemma argument shows that % indeed has maximal
elements with respect to domination; let A be one of them. We claim that A is a valuation ring of K and
conversely. Indeed, if A is a ring maximal with respect to domination, then A is maximal in the sense of
theorem 5.21, if we let (A, f) be the pair of A together with its embedding in K = . Conversely, if A is a
valuation ring, then it’s maximal in the sense described above; we claim that it’s also maximal with respect
to domination. Indeed, if A D B and my C mp, then, since mp C m4, we must have my = mp. This,
however implies that all the elements of B — A are units in B but not in A with their inverses in B but not
in A; this contradicts the fact that A is a valuation ring of K O B D A, hence if a k € B, then k € A or
k=t e A

5.28

We have the following:

(1) = (2) Let a,b be two proper ideals of the valuation ring A C K. If none of them were included in
the other, then there would be o € a, € b such that a ¢ b,3 ¢ a. Since A is a local ring, we will have
Ek=af' e Aor k' = a '8 € A; assume without loss of generality the former. Then, o = k3 € b, a
contradiction.

(2) = (1) Consider the set {a U {0}}, where a runs over all the ideals of A, of subrings of K; this will be
totally ordered by set inclusion C and the inclusion maps a U {0} — K yield a set ¥ analogous to the one
constructed in page 65. A maximal element of that is clearly A itself, and therefore, by theorem 5.21, A will
be a valuation ring of K.

We deduce that if p is a prime ideal of A, then, A, and A/p are valuation rings of their respective fields
of fractions, since the second condition continues to hold after modding out by p or localizing at p.

5.29

We will assume that the phrase A C B is a local ring of B means: A is a local ring and so is B and their
unique maximal ideals coincide. Now, with the notation of the problem, let A C B C K be an intermediate
ring. Since A is a valuation ring of K (hence it’s local, with maximal ideal m4), B will be a local valuation
ring of K, too, by proposition 5.18; let mp be its unique maximal ideal. Obviously my C mp (by the
valuation conditions) and if there were x € mp — my, then z would have to be a unit in A, but a non-unit
in B, a contradiction. Thus m4 = mp, as desired.

5.30

We first note that the relations defined induce an ordering of I'; indeed, & > &£, € > n,n > £ implies that
¢~ 1n € U and therefore ¢ = 1, and finally ¢ > 7,7 > w obviously implies £ > w. Since A is also a valuation
ring, the ordering described above is also total, in the sense that for any £, € I', € > n or n > £. This
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structure is compatible with the group structure, since £ > n = fw > nw, for all w € I'. Hence T is a totally
ordered abelian group, the value group of A.

Letting v : K* — T' be the natural projection homomorphism, and keeping the previous notation, we
would like to show that (z +y)y~! € A or (z +y)z~! € A; this just follows from the definition of valuation
rings.

5.31

We will rather consider the set A = {x € K* : v(z) > 0} U {0}, so that A is actually a ring. Conditions (1)
and (2) imply that A is closed with respect to multiplication and addition and A is an integral domain, since
all its elements belong to the field K. Note that z =y = 1 in (1), yields v(1) = 0, therefore, v(z) = v(z~1)
for all x € K. This implies that i fv(z) > 0 or v(z) <0, thus x € A or 7! € A. Hence A is a valuation ring
(the valuation ring of v) of K. The subgroup v(K*) of I' is the value group of v.

5.32

It’s obvious that v(A —p) = {v(a) : a ¢ p}, and this is an isolated component A of T (this is where the
primality of p comes in). The mapping from Spec(A) into the set of isolated components of I" is obviously
injective; the surjectivity follows from the inverse construction of exercise 30.

5.33

The group algebra A is an integral domain, because writing two non-zero elements as below u = A\ x,, +
o+ AnZa,, ' = NI + 00+ AT, and multiplying them yields that the two terms of lowest degree will
yield the term of lowest degree in the product uu'. Since k is an integral domain, the coefficient of that term
will be non-zero, hence so will the whole product be. This shows that the group algebra k[I'] over an integral
domain is always an integral domain.

If we write an arbitrary u € k[I'] in the form ©v = Az, + -+ Ap2q,,, where \; € k— {0} and «o; < ;11
for all ¢, and then define a mapping v : A — {0} — T" by letting u(v) = «y, we see that:

(a) v is a homomorphism, namely v(zy) = v(x) + v(y).

(b) v(z +y) > min(v(z),v(y)), as desired.

Now, if K is the field of fractions of A, then we may uniquely extend it to K = (4 —{0})~ A, by letting
v(a/s) = v(a)/v(s), if a # 0 and of course letting v(0/1) = co. The value group of this valuation will be T".

5.34

If we follows the hint of the book and put C' = g(B), then it’s obvious that C' D g(A), since a = g(f(a)), for
all @ € A. For the other direction, let n be a maximal ideal of C; since f* is a closed mapping, the restriction
of n is the maximal ideal m of A (equivalently, m = A Nn). This implies that A, = A (since the elements
of the multiplicative set A — AN n are the units). By the given relations, C, dominates A, = A, but since
A is a valuation ring, it will be maximal with respect to domination, therefore, by exercise 27, Cy,, = A or
C C A. This completes the proof that A = C.

5.35

We will largely repeat the hint of the book; it constitutes a full proof. From exercises 1-3 it follows that, if
f: A — Bis integral and C is an A-algebra, then (f ®4 1)* : Spec(B ®4 C) — Spec(C) is a closed map.

Conversely, suppose that f has this property and that B is an integral domain; then f is integral.
Replacing A by its image in B, we can assume without loss of generality that A C B and f is merely
inclusion A — B. Let K be the field of fractions of B and let A’ be a valuation ring containing A (there is
at least one, since A is contained in its integral closure and this is precisely the intersection of all valuation
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rings that contain A; in particular, there is at least one such valuation ring). By corollary (5.22), it is enough
to show that B C A’. By the hypothesis, Spec(B ® 4 A’) — Spec(A’) is a closed map. Applying the result
of exercise 34 to the homomorphism B ®4 A" — K, defined by b ®4 a’ — ba’ yields that ba’ € A’ for all
be B,a’ € A’. In particular, for ' = 1, we obtain B C A'.

This result remains valid if B is any ring with a finite number of minimal prime ideals (e.g if B is
Noetherian). Indeed, if {p;}1<i<n are the minimal prime ideals, then each composite homomorphism A —
B — B/p; is integral, hence so is the induced map A — [[(B/p;), hence so is A — A/R, and finally so
is A — B. This completes the proof.



Chapter 6

Chain Conditions

6.1

We have the following:

(i) Assume that u is not injective, namely that there is a non-zero = € ker u. Since u is surjective, there
is y € M, such that u(y) = x and obviously y does not belong to keru; in particular y # x. Therefore the
inclusion keru C kerwu? is strict and similarly the inclusion ker u” C ker u™t! is strict for all n € N. If we
let K, be the kernel of u", then {K,}nen is an ascending chain of submodules of M without a maximal
element, which is absurd by the Noether condition on M. Therefore u is injective and an isomorphism.

(ii) An identical argument for the cokernels of u™ shows that u is surjective (and thus an isomorphism)
in case M is Artinian.

6.2

If M was not Noetherian, then there would be a non-finitely generated submodule N of M. Let x1 € N.
Since N is not finitely generated, N — (z1) # @, hence there is z3 € N — (x1). For the same reason, there
is 3 € N — (21,22) and in this fashion we construct a sequence {x, }nen of elements of M such that the
non-empty set of finitely generated submodules {(z1), (x1,z2), (1, 22,23),...} has no maximal element, a
contradiction. Therefore, M is Noetherian.

6.3

Under the conditions of the problem, we have the following exact sequence

0 — M/Ny 2% M/(Ny 0 Ny) = M/Ny — 0,
where incl and 7 are the natural inclusion and projection maps respectively. By Proposition 6.3, M/(N;NN2)
is Noetherian (resp. Artinian) if and only if M/N; and M /N, are Noetherian (resp. Artinian).

6.4

As a Noetherian A-module, M will be finitely generated, say by x1,xo,...,x,. Let
f:A— @ M=M"
i=1

send a to (axy,axs,...,ax,) € M™. Note that ker f = a (since f(a) = 0 if and only if ax; = axy =
. = axy, = 0 therefore if and only if M = 0 which is equivalent to a € a). But then A/ker f can be
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embedded isomorphically in M™, which is itself a Noetherian module (by corollary 6.4). As a submodule of
a Noetherian module, A/a will be Noetherian itself, as desired.

The statement collapses if we replace the Noetherian condition by the Artinian one. For example, let
A =7 and M = G be the subgroup of Q — Z consisting of all elements with absolute value equal to 1/p™,
n > 0 (of course p is some fixed prime number, as in the book’s example). As shown in the book, G is an
Artinian Z-module, and its annihilator obviously equals 0. If the previous statement was still true in the
case of Artinian modules, then it would yield that Z = A/Ann(M) is Artinian, which is false.

6.5

If Y is a subspace of X with the induced topology, then any set U open in Y is of the form GNY, where G
is a set open in X. Therefore, any ascending chain {U, },en of sets open in Y is is of the form {G,, UY },.en,
where {G, }nen is an ascending chain of sets open in X. Since X is Noetherian, {G,, }en is stationary, hence
so will {U,, }nen be. Therefore, any subspace of X is Noetherian.

Assume that X is Noetherian, but not quasi-compact (the definition of the book seems to be that of
usual compactness). Then, there is an open cover € = {C;};cr of X, such that no finite subcover of € covers
X. Let Gy be an arbitrary element of €. Since Gy doesn’t cover X, there is € X such that x ¢ G4, but
x € C; for some i € I; let Go = G U Cs. Since G fails to cover X, there is 2’ € C; C X with 2’ ¢ Go;
let G3 = G1 U G2 UC;. In this fashion, we construct an ascending chain of open sets {G,, }nen that is not
stationary, contrary to the assumption that X is Noetherian. Therefore, X is quasi-compact.

6.6

We will follow an unorthodox order in the proof of the equivalences:

(i) = (iil) By the previous exercise, every subspace of X will be Noetherian and thus quasi-compact (by
the previous exercise again).

(iii) = (i) O.K.

(ii) = (i) Let € = {Gp }nen be an ascending chain of open subsets of X. Then, since the subspace

Y =G,

neN

of X is quasi-compact and has € as an open cover, there will be a finite subcover {G;, }1<n<n of Y. But, if
1= HlaX{’h, 12, . .. ,iN}, then
v=|J G, =6

1<n<N

This G; is clearly an upper bound of € = {G,, },,en, which shows that X is Noetherian.

6.7

We know that the maximal irreducible subspaces {Y;};cr are closed and cover X, by chapter 1, exercise 20,
(iii).

If we assume that the intersection of all the Y; is non-empty (let 2 be some point of X contained in
it), then any neighborhood of any point of X intersects any neighborhood of z, therefore we conclude that
X = {«}. In this case the statement is vacuously true.

In the case N;eY; = & the set {X —Y; }es is an open cover of X and this necessarily has a finite subcover
(since X is Noetherian and thus quasi-compact) and this in turn yields a presentation of X as a finite union
of irreducible and closed maximal subspaces.

We deduce that the set of irreducible components of a Noetherian space (which are V' (p;), ¢ € I and the
pi are the minimal prime ideals of A) is finite.
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6.8

Assume that {V (a,)}nen is a decreasing sequence of closed sets in Spec(A) (the a,, are assumed radicals of
ideals of A; this assumption leads to no loss of generality, since V(a) = V(r(a))). Since V is an inclusion-
reversing bijection from the set of all radicals of A to the set of all closed subsets of Spec(A), this chain
yields an increasing chain {a, },en which must stabilize by the Noether condition on A. This implies that
the initial chain stabilizes too and therefore Spec(A) is a Noetherian topological space.

The converse, however, is not true. Let A = k[x1,z9,...] be a polynomial ring over a ring A with
infinitely many variables adjoined and let a = (z!,22,...) be the ideal generated by the squares of all the
variables. Then, A = A/a is not Noetherian (because A is not), but note that R(A) = (Z1,Z1,...) thus
Spec(A) = Spec(A/M) (by chapter 1, exercise 21, (iv)) and this is a point, hence it’s trivially Noetherian.

6.9

If A is a Noetherian ring, then Spec(A) is a Noetherian topological space (with the standard Zariski topology)
by exercise 8. Therefore, by exercise 7, Spec(A) will have a finite number of irreducible subspaces, which are
exactly the minimal prime ideals of A by chapter 1, exercise 20, (iv).

6.10

Supp(M) is closed since it equals V (Ann(M)) by chapter 3, exercise 19, (v). Now let {Supp(M) NV (a;)}icr
be a decreasing sequence of closed subsets of Supp(M). By chapter 3, exercise 19, we see that Supp(M)Na; =
V(Ann(M)NV(a;) = V(Ann(M) UV (a;) = V(b;) (where b; is the ideal generated by Ann(M) NV (a;)). We
may assume that b; is a radical, since V(¢e) = V(r(e)) for all ideals ¢ of A. Since V is an inclusion-reversing
bijection between the radicals of A and the closed subsets of Spec(A), we obtain an increasing sequence
{b;}ics of ideals of A. Letting p; be the minimal prime ideal that contains b; gives rise to an increasing
sequence M, of submodules of M, which stabilizes because M is Noetherian. Therefore the initial sequence
must stabilize too and this completes the proof that Supp(M) is a Noetherian topological space.

6.11

By chapter 5, exercise 10, (i) f* : Spec(B) — Spec(A) always has the going-up property if it’s a closed
mapping.

If Spec(B) is a Noetherian space, then the converse is also true. Indeed, let V(p) C Spec(B); then, by
the equivalent condition (c¢) of chapter 5, exercise 10, we have that V(q) C f*(V(p)), where q is merely the
restriction of p in A. Then, we would like to show that the map is also injective, so that the closed set V(p)
is mapped to a closed set. If the inclusion was strict, then we would have the infinite strictly descending
chain (the p; arise from the going-up property):

F7HV@) 2 V() 2 V(p) 2 V(p2) 2.

of closed sets in Spec(B) (note that f* is always continuous, hence the preimage of any closed set is closed),
a contradiction by the fact that Spec(B) is Noetherian. Therefore f* is closed and this completes the proof.

6.12

Before the actual proof, note that given ideals p and q of A, V(p) = V(p) if and only if p = r(p) = 7(q) = g.
Now, if {pn}nen is an ascending chain of prime ideals in A, then {V(p,)}nen is a descending chain
of closed sets in Spec(A) and since this space is assumed Noetherian, the sequence {V(p,,)}neny must be
stationary, hence so will the sequence {p, }nen be.
The converse follows in the same fashion, since V(p) 2 V(q) < p C q for any two prime ideals p and q
of A.
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Chapter 7

Noetherian Rings

7.1

We note that > has maximal ideals and this follows by a typical Zorn’s Lemma argument. Given such a
maximal ideal a, assume that z,y ¢ a, but zy € a. Then, b = a + () strictly contains a, therefore it must
be finitely generated; say b = ag + (z), where ap is also finitely generated. Note that a + (z) = ag + (z)
implies ag C a. We claim it also implies a = ag + z(a : ). Indeed, the right hand side is obviously contained
in the left hand side and conversely, given any a € a, a + xt € ag + (z) for every t € A. But then, there are
ag € ap, k € A such that a = ag + z(k —t), and, since x(k —t) € a, k —t € (a : x), therefore the left hand
side is contained in the right hand side too. This shows that the desired equality holds. Since (a : ) strictly
contains a it must be finitely generated, therefore a = ag+x(a : x) is also finitely generated, a contradiction.
Thus a is prime.

As a corollary to the above, we observe that a ring in which every prime ideal is finitely generated is
Noetherian (I.S. Cohen).

7.2

Assume that f = ag + a7 + aa?® + - - € A[[z]] is nilpotent; we will show that all its coefficients a,, n > 0
are nilpotent. For that, we just need to show that given any prime ideal p and any coefficient a,, a, € p.
Indeed, let A = A/p be the ring obtained by reduction of A modulo p; since A is an integral domain, so
will A[[x]] be (this is trivial to check). In particular, A[[z]] will contain no nonzero nilpotent elements. The
natural projection A — A lifts naturally to a projection A[[z]] = A[[z]] and since f is nilpotent, f will also
be nilpotent, which yields f = 0 by the above. Hence every coefficient a,, of f gets mapped to 0 = 0+ p in
A, which implies a,, € p, as desired.

Conversely, if all the coefficients of f € A[[x]] are nilpotent, and A is a Noetherian ring, then f is also
necessarily nilpotent. By the Noetherian condition on A, there is a positive integer k such that R* = 0,

where R is the nilradical of A. We easily then see that f* = 0, hence f is nilpotent.

7.3

We have the following:
(i) = (ii) If aN S = &, then the restriction of S™'a = a, hence we may just put z = 1. Otherwise,
(S7ta)¢ = A, thus x = 0 satisfies the given condition.

ii) = (iii) Assume otherwise; in particular, if S = {z"},>0, then SNa = @. Therefore, (a : y) =
(S~'a)¢ = a for some y = 2™. But then, z¥™ = y* = 1 for some k € N, and the sequence terminates, which
is absurd.

(iii) = (i) We may assume that a = 0, passing on to A/a if necessary, and then we may repeat the proof
of lemma 7.12 since all the chains appearing in that proof are annihilators, and Ann(z) = (0 : z), for all
z € A
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7.4

We have the following:
(i) This ring is isomorphic to the ring of rational functions C(t), hence it’s not Noetherian.

(ii) This set is not even a ring (it doesn’t contain the 0 power series).

(iii) This ring is isomorphic to the ring of all rational functions C(¢), hence it’s not Noetherian.
(iv) This ring is isomorphic to C[z], hence it’s Noetherian.
(

v) This ring is isomorphic to C[z, w], hence it’s Noetherian.

7.5

Since B is integral over BY (any x € B is a root of [[ . (z — o(z)) € B¢[z]), proposition 7.4 implies that
B¢ is a finitely generated A-generated algebra.

7.6

If the characteristic of K is 0, then Z C Q C K, and since K is finitely generated over Z, it will be so over Q,
therefore proposition 7.8 yields that Q is finitely generated over Z, an absurdity. Therefore, the characteristic
of K equals some prime p and K is a finitely generated algebra over Z/pZ, which, by the Nullstellensatz,
implies that K is a field. In particular, it’s a finite field, as desired.

7.7

An immediate corollary of the Nullstellensatz is that if h is a polynomial that vanishes everywhere an
irreducible polynomial p does, then p|h. This fact implies that the variety X is well defined as the zero
locus of the irreducible polynomials { fq, }acr, and by the same argument there cannot be more then d such
polynomials, where d is the minimal of their degrees. In particular, the variety is defined by a finite number
of polynomials.

7.8

Indeed, if Alz] is Noetherian, then so is A. Let a; Cap C --- C a, C ... be any ascending chain of ideals
in A. This induces an ascending chain a;[z] C az[z] C --- C a,[z] C ... in A[z] (the a;[x] have the obvious
meaning here). This chain stabilizes, by the Noetherian condition on A[z]; say mathfraka, = ap41 = .. ..
Then, if there were y € a,4; such that y ¢ a,, we would have y € a,,41 (the constant polynomial equal to
that value), but y ¢ a,, a contradiction. This completes the proof.

7.9

Let a be a n ideal of A and let my, ms, ..., m, be the maximal ideals that contain a. Let xy be a non-zero
element of a and let my, my, ... m, ¢ be the maximal ideals that contain xy. Since m,;1,t+2,...,m44 do
not contain a, there exist z; € a, 1 < j < s, such that z; ¢ m;. Since each Ay, is Noetherian, the extension
Am;a of ain Ay, is finitely generated; let x;, x2,...,7; be the elements of a whose images generate An,a,
1 <i<r. Let ag = (xo,...,x¢); we observe that ap and a have the same extension in Ay, for al maximal
ideals m (since they do in the finite number of ideals my, ..., m, s and their common extension is the whole
of the ring Ay, in every other ideal m), therefore, by proposition 3.8 we deduce a = ag; in particular, a is
finitely generated and since we chose an arbitrary ideal, A is necessarily Noetherian.
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7.10

In chapter 2, exercise 6, we deduced that M[z] ~ M ®4 A[z]. Since M and Alx] are Noetherian A-
modules (by assumption and Hilbert’s Basis Theorem respectively), M @ A[z] will be a Noetherian A-
module. We also observe that there is a surjective map M @& A[z] -» M ®4 Alz] (the natural projection
(m,a(z)) — (m®4 a(x))), hence M ® 4 A[z] will also be Noetherian by Proposition 7.1. This completes the
proof.

7.11

It’s not necessary that A is Noetherian. Consider, for example, A = Hfil Z,/27Z, a direct product of infinitely
many copies of the field F = Z/2Z = {0,1}. The strictly ascending chain of ideals

OCFxO0CFxFx0...

shows that A is not Noetherian. It’s also evident that every element of A is idempotent (A is Boolean).

Given any prime ideal p of A, A, is a local integral domain with maximal ideal p,. We claim that p, = 0;
indeed, given any non-zero element x € A,, we have z(1 — z) = 0, therefore 1 — z = 0, a conclusion that
contradicts the primality of p. Therefore, p, = 0 and A, is a field (which is Noetherian) for every prime
ideal p of A.

7.12

By exercise 1 (the Cohen criterion), we may examine just examine ascending chains of prime ideals in A.
Let
pPrCp2C---Cp, T

be one. Since the induced map f* : Spec(B) — Spec(A) is surjective (by faithful flatness), the above chain
gives rise to a chain
qi1 quggqng

)

where p; = f*(q,). Since the latter chain terminates (B is assumed Noetherian), the former must too. Thus
A is Noetherian, as desired.

7.13

The fibre of f* at p € Spec(B) is of course Spec(k(p) ®4 B) = Spec(By /pBy). Since f is of finite type and
A is Noetherian, B will also be Noetherian, hence so will B, /pB, be. This means that Spec(B,/pB,) will
be a Noetherian subspace of B, as desired.

Nullstellensatz, strong form

7.14

We will essentially repeat the hint of the book; it constitutes a full proof. It is of course clear that r(a) C I(V).
Conversely, if f ¢ r(a), then there is a prime ideal p that contains r(a) but not f. Let f be the image of
f under the natural projection map A — A/p and let C = By = B[1/f]. If m is a maximal ideal of C,
then C/m ~ k (by the corollary to proposition 7.9; note that C is a finitely generated k-algebra, therefore
the conditions of the lemma are satisfied). The images z;, 1 < ¢ < n in C of the generators ¢;, 1 <i <n
define a point x = (z1,%2,...,2,) € k™ which belong to the variety V, but f(x) # 0. Therefore, we also

have I(V)) C r(a). This completes the proof that r(a) = I(V), as desired.
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7.15

Under the conditions of the problem, we have the following:

(i) = (ii) Since A is flat over itself, so is A" = @I | A.

(ii) = (iii) Let ¢ : m — A be inclusion, which is, in particular, injective. If M is flat, then the map
1Raid:m®4 M — A®s M will also be injective.

(iii) = (iv) If M is flat, then the exact sequence 0 — m — A — k — 0 gives rise to the exact
sequence 0 — m®4 M — A® M — k®4 M — 0, hence by definition, Tor{ (k, M) = 0.

(iv) = (i) For this last part, we merely reproduce the book’s hint; it constitutes a full proof. Let
X1,T2,...,%, be the elements of M whose images in M/mM are a basis for this vector space (we consider,
of course, M/mM as a module over the field A/m). By (2.8), the x; generate M over A. Let F be the free
module A™ with canonical basis ey, es, ..., e, and define ¢ : I — M by ¢(e;) = z;; let E be the kernel of
this map. Then, the exact sequence

0O—F—F—M-—70

yields, by the given condition, the exact sequence

0 k@ E —koaF 2% ko M —0,

where k® 4 F, k® 4 M are vector spaces of the same dimension over k. It follows that 1® 4 ¢ is an isomorphism,
hence its kernel £ ® 4 F must vanish. Since F is finitely generated, as a submodule of the Noetherian space
F, and A is a local space, we deduce by chapter 2, exercise 3, that ¥ = 0. This implies that M is isomorphic
to a free module, hence it’s free, as desired.

7.16

Under the conditions of the problem, we have the following:

(i) = (ii) If M is a flat A-module, then, since flatness is a local property, M, is a flat A,-module for all
prime ideals p of A. But since A, is a local ring, exercise 15 implies that M, is a free A-module.

(i) = (iii) O.K.

(iii) = (i) Since A, is a local ring, the given condition is equivalent to flatness of M, for all maximal
ideals m of A, which is equivalent to M, being flat for all maximal ideals m by exercise 15, hence to M being
flat since flatness is a local property.

We conclude with the following charming epigram: ”flat = locally free”.

7.17

The proof that every submodule of a Noetherian module has primary decomposition follows in exactly the
same fashion that propositions (7.11) and (7.12) follow; the proofs are in the book.

7.18

We have the following;:

(i) & (ii) This equivalence follows from proposition 7.17.

(ii) < (iii) Consider the mapping ¢, : M — xM given by m +— xm, which yields that M/p =
M/Ann(z) ~ M, a submodule of M.

Conversely, if A/p is isomorphic to a submodule N of M, then there is an injection ¢ : A/p — M. The
element = = ¢(1) of M satisfies Ann(z) = p.

For the least part, we use induction on the number n of generators of M. If n =0, then M = 0 and the
result holds vacuously, so assume that n > 0 and the result holds for modules with less than n generators.
Let p be a prime belonging to 0. There’s a submodule N of M such that A/p ~ M/N (since A is Noetherian,
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therefore so is a/p), hence 0 C N C M and N has fewer generators than M; now the inductive hypothesis
completes the proof that there is a chain of submodules

0=MycCcM;C---CM,=M,

in which each quotient M;/M;_; is of the form A/p;, where p; is a prime ideal of A.

7.19

Any such decomposition of a is a minimal decomposition of primary ideals (since A is Noetherian), hence
the uniqueness of the set of associated ideals of a.

7.20

We have the following:

(i) Since F contains all open subsets of X and is closed under complements, it also contains all closed
subsets of X. Therefore, we may equivalently describe F as the minimal subspace of X that contains all
open and closed subsets of X and is closed under finite intersections and unions. Therefore, any element of
F will necessarily occur as the intersection of the union of a finite number of open sets with the union of a
finite number of closed sets; hence any E € F can be written as £ = U N C, where U, C' are open and closed
in X respectively. Conversely, it’s obvious that any set of the above form will belong to F.

(ii) If E contains an open subset O of X, then given any = € X and any open neighborhood N around
x, we will have E NN # &, by the irreducibility of X. Therefore, there is an element of E in any open
neighborhood of X, or, equivalently, F is dense in X.

Conversely, if £ € F is dense in X, and E = UNC (we keep the previous notation, of course), then given
any open subset V of X, UNV # @ and V NU is open in X. Therefore may restrict our attention to open
subsets V' contained in U. Assume that there is no open set inside E. We can assume V' ¢ C; otherwise we
obtain a contradiction. But, if x € (X — C) NV, we have z € N such that N C X — C (since C is closed)
and N’ = U N N which will have empty intersection with E, a contradiction since N’ is a neighborhood of
x and F is dense. Therefore, F contains at least one open set of X.

7.21

Let E € F. Then, EN Xy is a constructible set in the irreducible space Xy and therefore exercise 2(ii)
implies that £ N Xy # X, or otherwise E N X contains a non-empty open subset of Xj.

For the converse, we use the hint. Assume that F ¢ F; this implies that the collection G of closed subsets
X' C X such that EN X' ¢ F is non-empty (it contains X) and thus has a minimal element Xy, since X is
Noetherian. Let X =Y; U---UY], where each Yj is irreducible. Then,

EnXo=(ENnY)U---U(ENYy),

and by the minimality of Xy each ENY; belongs to F and thus EN Xy € F, lest kK = 1 and X is irreducible.
Therefore, by the hypothesis, we have the following two conditions:
(i) Assume that £ N Xy # Xo; then
EN (E N Xo) eF,

by the minimality of Xy. But EN (EF N Xy) = EN Xy, which yields EN Xy € F, an absurdity.

(ii) On the other hand, assume that E N X, contains a non-empty open subset of Xj; denote that by
Uy = U N Xy, where U is some subset open in X. Then, Uy € F and the complement of Uy in E N X
is in the complement U¢ N Xy, which is in F. More precisely, EN Xy = (UN Xo) U ((E—-U)N Xy) =
(UNXo)U(EN(UcN Xy)) € F, a contradiction.

We deduce that E € F, as desired.
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7.22

Let E be open and X be closed and irreducible. Then F N Xj is open on Xj.

Conversely, assume that for all closed, irreducible subsets of Xy we have £ N Xy or £ N X contains an
open subset of Xy. We proceed as in exercise 21, by assuming that E is not open in Xy and arriving at
a contradiction. Let G be the collection of all closed subsets X’ of X for which £ N X’ is not open in X’.
Then, X € G, thus § must have a minimal element Xg; this is, as before, irreducible. Again, we treat two
cases.

(i) The first is EN Xy = &, but since & is open in Xy, this implies Xy ¢ G, an immediate contradiction.

(ii) Thus F N X, must contain at least one open subset of Xy, say U N X, where U is open in X. Now
Uc N X is a closed subset of Xg, thus EN (U N Xp) is open in U¢ N Xo; write this as V N (U N Xp) for V
open in X. Finally, ENXo = (UNXo)U(EN(U*NXp)) =UNX)U(VNUNXp)) =UUV)U X,
and this implies X ¢ G, an absurdity. Therefore, G is necessarily empty, or E is open in X, as desired.

7.23

We will roughly repeat the hint of the book; it constitutes a full solution. Let E be a constructible set in Y
we may assume that F = U N C, where U, C are open and closed respectively. Let C' = V(b) = Spec(B/b),
so by replacing B with B/b and f with the composite mapping A — B — B/b, we may assume that F
is open in Y. But Y is Noetherian, hence quasi-compact (in the sense of the book), so Y is covered by a
finite number of sets of the form Y, = Spec(B,). By replacing B with one of the rings By, we may assume
E =Y. That is it is enough to show that f*(Y) is constructible in X.

We shall employ the criterion of exercise 21. Let Xo = V(p) = Spec(A/p) be an irreducible closed set in X
such that f*(Y)NXj is dense in Xj; we must show that f*(Xo)NXy contains a non-empty open subset of Xj.
Now F*(Y)N Xo = f*(f*"1(Xo), and f*~1(Xo) = f*~3(V(p)) = V(p°) = Spec(B/p¢) = Spec((A/p) @4 B).

But this restricted map is induced by the map f: A/p — (A/p) ©4 B. By assumption, f has a dense
image and thus by chapter 1, exercise 21, f is injective. So we may assume that A is an integral domain and
f is injective.

Let Y1,Ys,...,Y, be the irreducible components of Y’; it suffices to show that f*Y; contains an open set
of X, for some i. Indeed, since X is now assumed to be irreducible, we may select Y; such that f*(Y;) is
dense in X. Write Y; = V(q;), and replace B with B/q;. By the density of f*(Y;), the map A — B/q;
is still injective, and so we are reduced to the case in which A and B are both integral domains and f is
injective of finite type. We wish to show that f*(Y") contains an open subset of X.

By exercise 21, there is s # 0 in A such that every map of A into an algebraically closed field €2 which
does not kill s extends to B. We claim that f*(Y) contains the nonempty open set X;. Indeed, let p be a
prime ideal not containing s, and let ¢ be the composite map

A— Alp — k(p) — €,
where k(p) is of course the fraction field of A/p, and Q is any algebraic closure of it. Obviously ¢ does not
vanish at s precisely because s ¢ p, so ¢ extends to a map ¢ : B — € and q = ker(¢) is a prime ideal of ¢,
and q N A = p simply because ¢ restricts to ¢. So p € f*(Y), whence X C f*(Y).

7.24

We merely reproduce the hint of the book; it constitutes a full proof. If f* is an open mapping, then f has
the going-down property (by chapter 5, exercise 10). Conversely, if f has the going-down property, then
we may without loss of generality assume that f*(Y) is open in X. In this case, the going-down property
asserts that if p € E and p’ C p, then p’ € E; in other words, if X is an irreducible closed subset of X and
X intersects with E, then F N Xj is dense in Xj. By exercises 20 and 22, F is open in X.
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7.25

Under the assumptions of the problem, the conclusion is straightforward; chapter 5, exercise 11 implies that
f has the going-down property and exercise 24 implies that f* is an open mapping.

7.26

Let’s fix some notation first; let F/(A) = {M} be the set of isomorphism classes of finitely generated modules
over A, and C' = ZM be the free group generated by F(A), as in the problem. Now, let e(M’, M, M") be
the isomorphism class of M’ + M" — M in C, where 0 — M’ — M — M"” — 0 is an exact sequence;
let D be the group generated by those e(M', M, M"). Then, K(A) = C/D and y4(M) is the image of M in
K(A). With the above notation, we have the following: -

(i) Any additive function X : F(A) — G obviously factors as A = \g o 7y, where Ag maps the class (M)
to v(M). The map g is well defined because \ is additive.

(ii) In exercise 18 it is deduced that if

ocMycM-1C---CM,=M,

where M;/M;_1 = A/p;, then

3
|
—

(M)

V(A/pi)-

&
Il
-

Passing to K (A) yields
(M)

ZW(A/I%‘),
k

as desired.
(iii) If A is a principal ideal domain, then we may put pr = (x),xr € A, therefore, the previous
construction yields v(A/py) for all py except for at most one, say px,,. The map K(A) — Z that is defined

by (M) — k yields the desired isomorphism.
(iv) The map f : A — B send (M) to f(M); now the module M/A may first be regarded as a finite

generated module over B and thus f(M) is its image in K(B). The induced map f; : K(4) — K(B)
satisfies by construction fi(yg(M)) = v4(N) and it’s obvious that ! is a covariant functor in the sense that

(fogh= fiog.

7.27

With the notation of the previous problem, we have the following:

(i) The closure of the commutative ring K;(A) follows from the flatness of its elements and all other
axioms are easily verified; in particular, the identity of addition is 4;(0) and the identity of multiplication is
Yi(A).

(ii) Again, closure is satisfied by the flatness of the elements of K;(A) and the action of K;(A) on K(A)
is given by v (M)y(N) = v(M ® N).

(iii) In this case, K;(A) = K(A/m) ~ Z, where m is of course the maximal ideal of A.

(iv) We just repeat the hint for this question, but it’s at any rate obvious. If M is flat and finitely
generated over A, then B®4 M is flat and finitely generated over B; this condition guarantees that the map
is well-defined. Now the definition itself suffices to make the implication (f o g)' = f' o ¢' obvious.

(v) It’s obvious by the definition of f' that f'(fi(x)y) = xfi(y) for every = € K;(A),y € K(B).
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Chapter 8

Artin Rings

8.1

The existence of a positive integer r; such that pl(.”) C g, follows immediately from the definition of p(™) =
Sp(p™) C p”, and the fact that in an Artin ring there is always some power of the radical of any ideal g;
(here, this radical is p;) that is contained to q;. This completes this exercise.

8.2

We assume that a topological space is called discrete if and only if all its subspaces are closed:

(i) = (ii) If A is Artinian, then all of its prime ideals are maximal, therefore there is a finite number of
prime ideals, since the number of maximal ideals is necessarily finite (by proposition 8.3). This implies that
Spec(A) is finite. Since every p € Spec(A) is maximal, we obtain that the point {p} € Spec(A) is closed; the
above imply that Spec(A) is discrete, as desired.

(ii) = (iii) O.K.

(iii) = (i) If Spec(A) is discrete, then {p}, where p is any prime ideal, is closed, therefore p is maximal in
A. This implies that the Krull dimension of A is 0, and any Noetherian ring of Krull dimension 0 is Artinian,
by Theorem 8.5. This completes the proof.

8.3

We have the following:

(i) If A is Artinian, then it can be written as a finite product of local Artin rings, hence we may consider
it to be local without loss of generality. The residue field F = A/m of A will be a finite algebraic extension
of k, by the Nullstellensatz (Corollary 5.24). Since A is Artinian, it will be of finite length as an A-module,
and we conclude that it will be a finite k-algebra, as desired.

(ii) The converse is obvious: the ideals of A are k-modules, thus k-vector spaces, and so they satisfy the
descending chain condition and A is Artinian.

8.4

We have the following:
(i) = (ii) If the fibres of f* are finite, then they are also discrete subspaces of Spec(B), by exercise 2.
(i) < (ili) The fibres Spec(k(p) ®4 B) of f* are discrete subspaces of Spec(B) if and only if they are
finite (by exercise 3) k(p)-algebras (k(p) being the residue field of A).
(iii) = (iv) Here, the fibres of f* will be finite, again by exercise 3.
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8.5

Indeed, the number of such points cannot be greater than the dimension of A. In particular, it is finite.

8.6

Since by assumption r(q) = p, any chain of primary ideals ¢ = qo € q1 C -+ C @, = p will consist of
p-primary ideals gq;. We note that any such chain will be of finite length (by the Noetherian condition on
A) and all such lengths will be bounded (the height of p is finite), since merging two chains by taking the
intersection of their respective elements and then attaching the extra terms up to p yields a new chain of
p-primary ideals with length equal to the length of the greatest chain. Therefore, if for every chain we could
find another chain of greater length, we would be able to construct a chain of infinite length, a contradiction.

By the above argument, we deduce that any maximal chain (i.e. any chain that cannot be further refined
by merging) will have the same length as any other maximal chain; otherwise, merging two maximal chains
of different length would yield a chain strictly finer (thus longer) than both of them, a contradiction. In fact,
the length of the maximal chains will be equal to the number 7 in the statement of the Noether Normalization
Lemma, chapter 5, exercise 16.



Chapter 9

Discrete Valuation Rings and
Dedekind Domains

9.1

We see that S~ A is a Noetherian domain if A is one and the Krull dimension of S~'A is less than or equal
to the dimension 1 of A. Thus if dim(S~1A) = 0, then S~'A is the field of fractions of A; otherwise, it’s a
Dedekind domain.
The exact sequences
1— Uy —K'—I—H—0

and
1—>US—1A—>K*—>IS—1A—>HS—1A—>O

for A and S71A respectively induce explicitly the surjective map H — H’ given by (u) — (u/1); in fact,
this is merely extension of ideals.

9.2

Since equality is a local property, we may assume that A is a discrete valuation ring without loss of generality.
If dim A = 0, then A is a field and the proof is elementary. Otherwise, assume that dim A = 1. It is always
true that ¢(fg) 2 ¢(f)c(g), without any conditions on A. For the converse, assume that the maximal ideal
m of A is generated by = and let f(z) = ap + a12 + -+ + apz™ and g(x) = by + byz + -+ + byx™ with
coefficients a;,b; € A. Now, if ¢(f) = 254 and ¢(g) = 2'A, then v(z) = 1,min{v(ag),v(a1),...,v(a,)} =
s,min{v(bg),v(b1),...,v(bm)} = t. Then, there exist non-negative ng, mg less than n, m respectively, such
that v(an,) = s,v(by,) =t and v(a;) > s,v(b;) >t for all i < ng,j < mg. Also, the coefficient of 200 in
the polynomial fg is
Cno+mo — Z aibja

i+j=no+mo

where we agree that a; = b; = 0ifi > nor j > m. Now it’s easy to see that v(a,,bm,) = s+t and all the other
terms have valuations strictly larger than s+ ¢, by the construction of ng, mg. Therefore, v(cptm,) = S +1,
which implies that ¢(fg) 2 cnytmoA = 2T A = ¢(f)c(g). This shows the inverse inclusion and completes
the proof.

9.3

We claim that a Noetherian valuation ring is a principal ideal domain (PID), hence has dimension at most 1
(non-zero prime ideals in PID’s are always maximal). A Noetherian valuation ring which is not a field would
then satisfy the hypotheses of Proposition 9.2 and the equivalent condition (iii) of that proposition, hence it’s
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a discrete valuation ring (DVR). For the proof, just observe that in an arbitrary valuation ring, all finitely
generated ideals are principal; given a finite list of generators for an ideal, the entire ideal is generated by
the generator with the least valuation. In a Noetherian ring, this is case for all ideals, yielding the desired
conclusion.

Conversely, it follows immediately from the definitions that any discrete valuation ring is Noetherian and
a valuation ring.

9.4

We will construct a valuation on A. Let m be a generator of m. Given a nonzero element z € A, we may
write z uniquely in the form um! where u is a unit in A and t is a nonnegative integer. It is clear that if
such a representation exists, it is in fact unique. There is actually one, and this is shown as follows: let ¢ > 0
be such that z € m! — m!T!. Then, 2 = um! for some u and the fact that x ¢ m!*! shows that u is a unit.
The map A — Z given by x — t is the desired discrete valuation on A.

9.5

Since M is finitely generated, M is in fact a quotient A™/K for some n € N. Now, since A is Noetherian, M
is torsion-free if and only if M, is torsion-free, hence if and only if M, is free (because, given p € Spec(A),
there exists n, € N such that M, ~ A" /K, by M, being finitely generated and this module is torsion-free
if and only if K, = 0) for all prime ideals p of A. But local freedom is equivalent to flatness over Noetherian
rings, which yields the desired equivalence.

9.6

Let p be a prime ideal of A; then M, is a finitely generated torsion module over the principal ideal domain
A,. In fact, we claim that M, = 0 except for a finite number of primes. For Ann(M) # 0, since M is a
torsion submodule and so

Ann(M) = p7*...pom,

where m; > 0. But then
Supp(M) = V(Ann(M)) = {p1,...,pm}.

Now, if M, # 0, then the structure theorem for principal ideal domains yields that

t

My, = @Ap/PA;n‘ =PAam,.

=1

Let D be this module on the right. In fact, D, = D, which follows from the following lemma:
Let A be a Dedekind domain, p,q nonzero prime ideals of A, and m > 0. Then,

(A/p™)p = A/p™

and

(A/p™)q = 0.

For the proof, note that there is an obvious map from the right-hand side to the left-hand side: T +— xi/l
It is injective, or equivalently sa € p™ with s ¢ p implies a € p™, since by unique factorization of ideals
p™ divides the ideal (sa) and p does not divide (s), hence p™ divides (a), as desired. For surjectivity, let
x € A — p; we wish to show that z is invertible modulo p™. But p is maximal, so x is already invertible
modulo p, namely there exists y € A — p such that 1 + zy € p. Taking this relation to the m’th power
yields (1 4 zy)™ € p™, and expanding the left-hand side yields the inverse of  modulo p™. For the second
statement, note that since p and g, q € p, there exists s € p — q, for which s kills A/p™. This completes
the proof of the lemma.
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For each p; € Supp(M), let D; be the corresponding module D, given in the decomposition of M,via the
structure theorem. The lemma yields that (D), is equal to d;;D;, where d;;is the Kronecker delta. Now let

observe that the composition

M — P M, ié[)i
=1

p#0 i=

is an isomorphism when localized at each non-zero prime ideal of A. Hence the original map is an isomor-
phism, as desired.

9.7

Suppose a = p is a prime ideal in A, and let n > 0. Then, by the lemma we showed in exercise 9.6, A/p"
is isomorphic to (A/p™), = A,/p™A,, namely a quotient of the principal ideal domain, which is a principal
ideal ring itself. Hence the statement holds in this case. For a general a, write a = p7'* ... p" (where n; > 0)

: s
and note that
T

Afa=EP(A/a), = P(A/p})

p#£0 i=1

by the previous exercise. Hence A/a is a product of principal ideal rings, and thus an ideal ring itself.

9.8

As equality is a local property and sums and intersections of ideals commute with localization, we may
assume that A is a discrete valuation ring without loss of generality. Then the maximal ideal m of A is
principal, say m = (x) and every other ideal is merely (z*) for some k > 0. In particular, say a = (2%),b =
(%), ¢ = (2¢), with a,b,c € N. Then, it’s easy to check (and a standard fact from Algebraic Number
Theory) that anb = (2@ and b + ¢ = (™). The desired equalities of ideals then merely become
max(a, min(b, ¢)) = min(max(a,b), max(b,c)) and min(a, max(b, ¢)) = max(min(a,b), min(b,c)). But these
are trivially true, as desired.

9.9

The forward implication is clear, for if x is congruent to z; modulo a; and to xz; modulo a;, then z is
congruent to both modulo a; + a;, hence x; and z; must be congruent modulo a; + a;.
For the other direction, consider the composition of maps

A @A @ Ao+ ay),
=1

i<j

where ¢(x) = (x + a1,...,x + a,) and YP(z) = (1 + a1,...,2, + a,) has (¢,7)'th component equal to
x; —x; +a; +a;. The given proposition is equivalent to the previous diagram being an exact sequence. Note
that since exactness is a local notion, we may assume that A is a discrete valuation ring, by localizing at
every nonzero prime ideal of A.

Under this assumption, A has a unique maximal ideal m, and each a; is a power m™¢ of m for some m; > 0.
We may reorder the ideals so that m; < m;41, or a; 2 a;41 for all @’s. Now let (x1 +ay,..., 2, +a,) € ker);
this immediately implies that x; = xz;(mod a;) whenever ¢ < j. In particular, z,, = z1(mod a;), as well as
Zp = x2(mod as), ... and x,, = x,—1(mod a,_1), so we have solved the system with x = z,,.
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Note that the kernel of ¢ is [, a;. In a Dedekind domain, this yields the following result: If a C A is a
nonzero ideal, and
a=p P
then
Afa=A/(pT" .pptm) = APy x - x Afpt,

independently of the last problem.



Chapter 10

Completions

10.1

By the definition of A and B, we have that:

A=Pz/pz

n>0

and
B=Pz/p"L.
n>0
This implies pA = 0, whence
A =1lim A/pFA = lim A/(0) =
k>0 k>0

this verifies the first assertion of the problem, namely that the completion of A with respect to the p-adic
topology is in fact A.

Now, for the second claim, consider the fundamental neighborhoods of B with the p-adic topology; these
are precisely p* B for k > 0. The topology induced on A by this topology on B would then have fundamental
neighborhoods given by A; = a~!(p¥B) which is explicitly given by

Ag=a"'(000---00P2z/p"2) = P Z/pZ.
n>k n>k
Therefore, the completion of A with respect to this topology is

A= hm(A/Ak) = lim (Z./pZ)k H Z/pZ,
k>0 n>0

since for any countable family of modules {M,},>o it is a standard exercise that the inverse limit of the

system {Mo@® M1 & - - - & M, },>0, with the obvious mappings between the sums, is merely [[ M,,. The above

implies, in particular, that the completions of A with respect to the two different topologies fail to coincide.
For the final remark, consider the following sequence:

0—A-%B 2 B—0;

this is exact, but the completed sequence

A &, B L) B—0
is not, since the kernel of the p- map is [ [, Z/pZ, which is the completion of A with respect to the topology
induced by B, but this does not coincide with the p-adic completion of A. Thus, p-adic completion does not
commute with taking kernels, and therefore it is not a right-exact functor on the category of all Z-modules,
as desired.
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10.2

The given exact sequence is explicitly the following:

0— Pz/mwz — Pz/z— @ z/Z— 0.

k>n k>0 n>k>0

By the previous exercise, we have

lim A/A, = [] z/pZ

k>0 n>0
and
lim A,, = 0.
Am
n>0

Therefore, the completed sequence cannot be exact.

COMPLETIONS

However, we claim that lim!A = 0; this follows from the following abstract nonsense argument: let C

be the category of inverse systems of R-modules, and D the subcategory of constant inverse systems of R-
modules, which we regard via the obvious isomorphism to the category of R-modules. The inclusion functor
D — C has a left-adjoint, the left-exact functor that takes an inverse system {C,, }nen in C to its first term
C. It follows that the inclusion functor D — C preserves injectives, that is, a constant inverse system whose
underlying module is injective is in fact an injective object in the category of inverse systems. Now, let I be
an injective module with A < I, and consider the short exact sequence 0 — A — [ — [/A — O as a
short exact sequence of constant inverse systems. Looking at the long exact sequence arising from derived
functors lim !, we find lim ' A = 0, since the map i — I /A is surjective and lim 7 = 0. This completes the

— —

proof of the claim.
The above implies that the long exact sequence of derived functors begins:

O—»OH@Z/])ZH HZ/pZHlimlAn — 0,
n>0 n>0

hence lim ' 4,, = ([[Z/pZ)/(@ Z/vZ).

10.3

By Krull’s Theorem, the submodule
E= ﬂ a"M
n=1

is annihilated by some element of the form 1+ a, with a € a. Hence F,, = 0 for all maximal ideals m that

contain m since 1 + a is a unit in A, if @ € m. Therefore,

ﬁ a"M =E C () ker(M — My).

n=1 m2Ia

Conversely, let
K = () ker(M — My,).

m2Ia
Then, K, = 0 for all maximal ideals containing a, which implies that K = aK. Hence
K=aK=0d’K=-.=qa"=... = ﬂa"M.
neN

Therefore, the desired relation holds.
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To prove the other claim, first note that M = 0 if and only if M = aM which is true if and only if
M = aM, which is equivalent to

M= (Y)a"M = (] ker(M — My),
neN neN

namely

My =0

for all maximal ideals m containing a. This is equivalent to asserting that Supp(M) N V(a) contains no
maximal ideals, therefore to the desired statement that Supp(M) NV (a) = @.

10.4

Since x is not a zero divisor in A, the sequence
0— A A— A/zA —0
is exact. Since completion is an exact functor, the completed sequence
0— A A— A/zA—0

is also exact and this implies that & is not a zero divisor, as desired.

However, this does not yield the second assertion, namely that ”A is an integral domain = A is an
integral domain”. A counterexample to the above statement, due to Nagata and appearing in Eisenbud’s
Commutative Algebra, pages 187-188, is the following: let R = k[z,y] and m = (z,y); the m-adic completion
of R is of course R = k[[z,y]]. Then, consider A = k[z,y]/(y2 — 22 — 23) and @ = (Z,7) C A. We claim
that A is an integral domain, but its m-adic completion is not. For the first claim, note that (y* — 2% — 23)
is irreducible, hence it is prime, since R is a unique factorization domain. Therefore, A is in fact an integral
domain. However, A = k[[z,y]]/(y? — 2® — 22) is not. Let f € k[[z, y]] be such that f2 = 1 + 2; an example
of such a power series can be obtained in an elementary fashion (by equating coefficients, which yields

f=1+ %x — %$2 + - € K[[z]] C k[[x,¥]).

For this element, y* — 2® — 2 = (y — «f)(y + «f), which shows that y* — 2® — 2® is not prime in k[[z, y]].
Therefore, A is not an integral domain.

10.5

We shall avoid following the hint of the book; it’s rather convoluted and an easier proof is possible. Since
M is assumed finitely generated over A, corollary (10.13) implies that

M ~ A Ra M,
for any completions of A and M. Therefore,
(M) ~ A* @4 (A® @4 M) ~ (A @ A% @4 M,

while
Ma+b ~ Aa-ﬁ-h ®a M.

It thus clearly suffices to show that
(A%)b ~ AtE,

Indeed, the obvious inclusions
(a+b)* Ca"+b"C (a+b)"
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yield that R
lim A/(a" A+ b"A) ~lim A/(a+ b)" A = A+,

while the isomorphism
lim(lim A/(a" A +b™A)) ~lim A/(a” +b")A

yields that
A% @, AY ~ Aot

as desired.

10.6

It clearly suffices to show that given any maximal ideal m, a C m if and only if m is closed in the a-adic
topology. Indeed, if a C m, then

hence every point in A —m has a neighborhood around it, implying that A —m is open in the a-adic topology.

Conversely, let m be closed in the a-adic topology. Then there exists a positive integer n such that
1+a” C A—m. Since m is maximal, we must have either a” C m or a” +m = (1). But the latter contradicts
the choice of n, hence a™ C m, and since m is prime, a C m, as desired.

10.7

Let A be faithfully flat over A. Then, for any finitely generated module M, the natural map M — M is
injective; in particular, this is true for M = A/m, where m is any maximal ideal of A. Thus,

ker(A/m — A/t) = (1] a"(A/m) = 0.

n>0

If a ¢ m, then there exists a € a — m, which is a unit modulo m. Hence a”(A/m) = A/m for all n, which
implies that the kernel is all of A/m, a contradiction. Hence we must have a C m. Since m was arbitrary,
m C Ja, which means that A is Zariski.

Conversely, let A be Zariski, with its topology being given by some a C J4 and let m be a maximal ideal.
Since a C m, we have that the above equality is still true, and thus A/m injects into A/ﬁx In particular,
t # (1), so A is faithfully flat over A, by chapter 3, exercise 16(iii).

10.8

We see that B is local, its unique maximal ideal being A.

Moreover, B is Zariski (since the maximal ideal topology is induced by an ideal contained in the Jacobson
radical, since B is local) and thus the maximal ideal completion of B, which is C, is faithfully flat over B by
the previous exercise.

10.9

Assume inductively that we have constructed gi (), hi(x) € Afz] such that f(z) — gi(x)hi(z) € m*[z] (the
case k = 1 being the hypothesis of the problem). Since § and h are coprime, there exist for each p < n
polynomials a, of degree no more than n — r and b, of degree no more than r such that

@Gy + bphy =77

or,
apgr + bphi, = rp(x) € miz].
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Letting ¢(z) = Y m,aP, where m, € m, we have
f(@) = gr(@)hi(x) = Zmp(ap(x)gk(x) + by(2) () — ().

Let grt1(2) = gr(z) + . mpby(2), hir1(2) = hi(z) + Y. mpa,(x); then, gry1 = gr( mod m*+1) and likewise
for hg41. Also, manipulation yields

f(@) = grs1 (@) hira () = Zmprp(a:) - Zmpbp(x) stas(a:) € m*H[a].

Thus we have for each k polynomials g (z) and hy(z) of degrees r and n—r respectively such that f—grhy =
0( mod m**1). The coefficients of these polynomials form Cauchy sequences in A, hence converge to an
element of A, so we have limit polynomials g(z), h(x) € Alx]. These are the polynomials we are looking for:
g and h are lifts of g and h and

f(@) = g(x)h(z) € ) m"[2] =0,

n>0

as desired.

10.10

We have the following:

(i) This is immediate, by letting g(x) = T — . Note that the root must be simple, so as to ensure that
g and h are coprime. The fact that @ = a( mod m) is obvious, since a and « coincide in A/m.

(ii) This follows easily from (a), by considering the local ring Z7 and observing that the monic polynomial
f(z) = 7% — 2 has a simple root in Z/7Z, which lifts back to Zr.

(iii) This again follows from (i) in the same fashion (ii) did (note of course that the ring os power series
in two variables is just the completion of the polynomial ring in one variable only).

10.11

A counterexample is furnished by letting A to be the ring of germs of all C'*° functions in variable x at x = 0;
this is not a Noetherian ring. However, every power series can be regarded as the Taylor expansion of some
C® map, therefore the completion A is not Noetherian.

10.12
The natural inclusion A — Al[x1, 2, ..., x,]] factors through Alxy,xa,...,x,] as follows
A — Alxy,xa,. .. 2] — Al[z1, 22, ..., 25]],
since A[[z1,x2,...,2,]] is the (21, x9,...,x,)-adic completion of the polynomial ring A[zy, s, ..., z,]. The

first mapping above is flat (by the solution to chapter 2, exercise 5) and the second one is faithfully flat,
by chapter 1, exercise 5(v.) and the definition of faithful flatness. Therefore, A[[x1,zs,...,2,]] is a faithful
A-algebra, as desired.
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Chapter 11

Dimension Theory

11.1

By (11.18) we have dim Ay, =n — 1. Now
m/m2 =~ (xlvaa s 7xn)/(x17x27 cee vl.n)2 + (f)

and it has dimension n — 1 if and only if f ¢ (x1,22,...,%,)?, and hence if and only if the variety f(z) =0
is non-singular. Therefore, P is non-singular, if and only if Ay, is a regular local ring, as desired.

11.2

Since k[[t1,ta,...,ts]] is the (t1,t2,...,tq)-adic completion of k[t;,ta,...,t,] the map t; — x; is injective.
The fact that A is also a finitely-generated module over k[[t1,t2, ... ,tq]] follows from proposition 10.24.

11.3

The result follows easily from the following: if k is an algebraic closure of k, then 11.25 holds for k, and
klx1, 2, ..., xy,] is integral over k[xy, 29, ..., x,]. Now Lemma 11.26 guarantees that the result will also hold
for k[x1,xa,...,x,], as desired.

11.4

We merely repeat the discussion of the book; there is little else to be proved. Let k be a field and
A = klz1,29,...,Zp,...] be a polynomial ring over k in countably many indeterminates. Let {my}nen
be an increasing sequence positive integers such that m; 1 — m; > m; — m;—; for all ¢ > 1. Let p; =
(T 41, Tmy41s - - - s Tmy+1) and let S be the complement in A of the union of the ideals p;. Then S is an

multiplicatively closed set and the maximal ideals of S~1 A are easily seen to be precisely S~ 'p;; in particular,
the conditions of chapter 7, exercise 9 are fulfilled and S~'A is Noetherian. We conclude that, since the
height of each S~!p; is m; 1 — m; (and this sequence is strictly increasing), dim A = oo, as desired.

11.5

Let 7 denote the usual map from the set of all finitely generated modules over A to its Grothendieck group
K(A), sending any element M to its class (M). Given the universal property of K(A), Theorem 11.1 can
be reformulated as follows: if g is any homomorphism from K(A) to Z and we let the Poincaré series be
defined by:

P(M’ t) = Z AO((Mn))tna
n=0
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then 1)
IR D

where f(t) € Z[t].

11.6

We follow the hint of the book; it largely constitutes a proof. Let f : A — Alz] be the natural embedding;
consider the fibre of f* : Spec(A[x]) — Spec(A) over a prime ideal p of A; this is naturally identified with
Spec(k(p) @4 A[z]), where k(p) = A, /py is the residue field at p and dim k[z] = 1, since k[z] is a PID. The
above observations and chapter 4, exercise 7(ii) clearly imply the desired result, namely that

dimA+1<dimA[z] <2dim A+ 1.

11.7

Again, the hint provided by the book almost amounts to a solution and, of course, we follow it. Let p
be a prime ideal of height m in A. Then, there exist a1, as,...,a,, € p such that p is a minimal prime
ideal belonging to a = (a1, az,...,a,). By chapter 4, exercise 7, p[z] is a minimal prime ideal of a[z] and
therefore the height of p[z] < m. However, a chain of prime ideals pg C p; C -+ C p,,, = p induces a chain
polz] C p1[x] C -+ C pmlx] = p[z] (since A is Noetherian), and therefore the height of p[x] is at least m. We
deduce that the heights of p and p[x] are equal. By the solution of exercise 6, dim A[z] > dim A 4+ 1 and the
symmetric argument (note that now we have the inverse direction too) implies dim Afz] < dim A + 1. The
desired result, dim Afx] = dim A + 1, follows.
By induction, the above claim generalizes to dim A[zy, xo, ..., z,] = n + dim A.



